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The evaluation of the symmetric conservative metrics are discussed in detail to satisfy a freestream preservation
using the conservative flux reconstruction (FR) scheme on a three-dimensionally-curved moving and deforming
grid. In our consistent symmetric-conservative metric evaluation, the metrics is appropriately computed to avoid
the freestream preservation errors for any couple of the order of a solution polynomial and high-order shape
functions. We computed a convecting vortex using compressible Euler equations on three-dimensionally deforming
wavy meshes, where the freestream preservation and global conservation properties were demonstrated.
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‘ : Grid point (GP)
© : Solution point (SP)

@ : Flux point (FP)

1: Definition of grid, solution and flux points in each
cell ( spatially 2D case is shown). The order of a shape
function is N = 1 in space and 7' = 1 in time; the order
of a solution polinomial is K = 2 in space and T' =1 in
time, respectively.
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bbb, SSCIFER (3) Wi/ 720,

4.2.2 CSC (CSCTlE, Yatrr7r Wzt v
DZEERE %, SP DZEMRE K IC—BI ¥ 2FH2HIET.
Z Dk, 22 K XOMMLHEA 2T 5%, 22H&T7m
I K+ 148, WefEZ5mE T4 148D consistent grid point
(LLF CGP) zE# T 2 (K711 1% SP,GP,CGP 4t
WA U PEREEZ LS ) . CGP %5 1% SP & [ U kB D HfiliE
IR % WSk 228, CGP & SP 28—3(¢ 2083 7
WV, Yarry JBS LA b v 7 (PS 13 CGP O
EHGCTUTOX I ICEHES NS, flif0r®, 17 (33)
LA (42) D BT,

, (53)

JBS';K,T — [aCICGP;K,T[gCGP;KJrN,QT] NI

CAtBS;K,T = 8, [CCGPKT[GOGPK+N2T] 4

GOGPE+N2T |3 OGP CTOHERE %2 Pl 7o 22K K +
N X, K] 2T ROEZEATH Y, DTD L HIE
#£IN3:

GOGPK+N2T _ 877ICGP;K,T[T§P§2N’2T] . IGP;N7T[T}
+ aglcgp;K,T[TgPﬁNzT] . IGP;N,T[TL (54)

ZD &) IKESEL 7z JBS:KT (BSET 2T SPFP I
B 2 M2 5T 5, EEROLEGRAICEN 5%
[ - BERIMOY 13 SP DR B IS < By, TP 5P IRLLT
DE)IEHRI NS,

JSP;K,T _ ISP;K,T[JBS;K,T}7 (55)

G A (56)

SSC LAk, ¢ o#ifd%ENIZ J & ThREAEDT
(5 (1), My OAHaMEIZHES\ T VOL O SP part 13
0&7%% (T (2). EETREEF, K (55),(56) ICBW»
TRIGERDM Th iy, EED K, N OfflAabeT
—FRiRES - SN2 HTH B, g, JBS & (BS
DRI D 2RI B % SP LU K R TREEL 7274
ThD., ZORE, MOERIRE K % & < TR 2
FY vy 7y ar 7y v oML EADERREB D E L &
D, ROZMBESREZNG EEZ NS (B (3)) .
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Kz, K > 3N OBEITIZZefT AN I3 B e RS X b
Yy rztxaEerrzhiEd 35,
4.3 NC,SSC,CSCODFe&®H

112, BEILSEKFICEWTHEEX )y 7 Eva
E 7 12 NC,SSC,CSC % M 7= B o — Rt % &
LD 5,

3 1: Expected characteristics of a freestream preser-
vation using each metric evaluation (o satisfies a
freestream preservation; e does not satisfy a freestream
preservation). K is the order of the solution polynomial;
N is the order of the shape function.

Order of SP K | NC  SSC  CSC
K< N ° ° o
N<K ° o o

5. RELEE

A CRERE L 72 NC,SSC,CSC # T, —tRiifife &
B OBGEEE I E 2179 . FHENRIZEMEMEIERE R &
L, XECAREICIEE®E & — R ek S e
X (7)) ZHV S, SEFEAESEE L, HEiEy =14
E9 %, KRR 2 BE 2 R Runge-Kutta % v 5
(12)  AFBICIE, -5 <a,y,2 <5 RBVITENDOER
&1 20,0, 20 23 (57)-(59) T 3 KIGMICTESD 751 5H%
FrRAEL, K2R T,

%5k (T) = Toi gk

4+ Ao |asin nm(k — 1)Ayg sin nm(l — 1)Azo} 67
I Lo Lo
Yi, ik (T) = Yosi gk
+ Ayp |asin nm(j — 1) Ao sin n(l 1)AZO} , (58)
I Lo Lo
Zi,j,k(T) = 20;i,j5,k
+ Az |asin n(j — 1Az sin nr(k — 1)Ay0] , (59)
Ly Ly
a = Asin(2rwT). (60)

n=4,A=040Lo=10,w =03 &L, Azg= Ayy =
Az e VIHRB O FIEE S 2. g3z
IRE L, FHEMEOER T RN RS2 3
L7%.
5.1 —HRiREREE

WA wo = (uo, vo,wo),po, po & LT, x JTHID—F
MEMTDOLIIZEZ 5.

|

ug = 0.10, w9 =wp =0.0, po/y=po=1.0, (61)

ST 4 DREDS 2N KTH D%, MiHSER (54) TEHZI NS G DX
Bud, (K 1cks5d) 3N RUTTH 5.
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2:  Computational grid (the number of cells is
5x 5 x5 =125 and GP = 2 is adopted: total number
of GP including high-order inner grid point is 3375.)

FET- BT ITIANS Npax = 10 (HHEIZfEDORENZ Ko
THE2) &L WIRBEBOBED N =2 OF, 10 A
T TEHERORNED L / VA (v, w DIEKEE)
ZR2ITRT, £226, NCIFSPOXBKICL ST —

# 2 Lo mnorm of a freestream error
(max{|v — vo|/ug, |w — wo|/up}). The order of a
shape fuction is N = 2.

Order of SP: K ‘ NC SSC CsC
1 46x1073 20x1073 6.9x10°17
2 3.1x1073 25x10716 29 x 10716
3 2.1x1073 9.3x10716 6.7x 10715
4 1.1x107% 22x1071% 24x1014

FRVRORFE L 2 WH23 D25, £72, SSC Ik K > N DI
IZ, CSCIHMEED K, N Oflafrbe iz RiEd
5. INGIFHENIR LRI E—HT S, &k, N=1
DRFZIZER 3 D@D TH D, ZOHEDOHERARED
#1735,

# 3 L, norm of a freestream error
(max{|lv — vo|/ug,|w — wo|/ug}). The order of a
shape fuction is N = 1.

Order of SP: K ‘ NC SSC CSC
1 1.9x 1073 83x1017 83x10°17
2 28 x 1072 9.7x10716 28 x10-16
3 9.3x107% 1.5x10716 42x 10715
4 1.8x 1078 35x10716 1.9x10~14

5.2 REEFREFHE
DRI L, IRERREEOMEEEZ L4 ITRT,
YRR ¢ IS0 T 2 IRERIREEDOE () TERIN
% (Vg \FEIREEEETH 2) ¢

<¢>2]C(¢—¢de//V_@ﬂVy (62)

IO IE Gauss B2\ %, Sec.2.2 TR Xk 9
12, ARTIRET 2 X Y v 7138 TRFEE RN % W
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T EIIHEEL TwD, EBE, R4 THREREFME
DBWAEDBAOBEAICTZoNT W3,

7¢ 4: Global conservation error ((e)) evaluated in each
metric. The order of the shape function is N = 2.

Order of SP : K| NC SsC CsC
1 89x 1016 37x10-1® 30x10-1®
2 22x1071% 98x 10715 98x 10715
3 52x 10715 56x10"1% 24 x 1015
4 71x1071%  26x1071% 26x10714

5.3 BE
KU, 2 XTI 2R S ¥ R ERIE 2 DT IR T
BRI T XS ICE&EL 72,

— 2 2
u:Um—Cgﬁglmp77m=pm—;Wew0¢%
(63)
(@—mze) —r? 5 [(@—x)?+ (y— )’
VTR T T R2
(64)
C = Use, (65)
%5, R = Lo/10,¢ = 0.02,Ux = 0.5, 2 =y. =

0,p=10%,L7.

Bt L 22— L CtofEic > T % £ TalE
L, 2z EDHDHEESMAZK I IZRT, ZZTEGPD
¥ N=2ELTn3%, K3DNCTIX, —EiizMH
FFL 72w (a),(d),(g) S D ICHTDHNTE D, Ho®
HTHOREREENPEL L LGS, LeL, (j) TlE—
iz L 2w (R22H) bbb 6T, ME iR
LTWw3, ZOEWIIHERFNZBEZTHEIDPTH
200 K < 2N £7%% (a),(d),(g) D 37— AL
RIS, 2R N Yy 7 2@ i E T
o, —J, K >2N L7225 (j) D7 — AT
itz L, FERIA MYy 7 ZWYNCEIEER LS, ()
Dr — AT HERBEEFINEIE L 22 0l i — R X
FRAZ L 2\ 023, SRS Tl ERER AR O£
RRERZRECEEIBRIIIEL ot EZ oD,
IR, RO L e % R T£2, 3TH, K >2N
DOlf (HRERFIOEED R D, EEA MYy 7%
TEUNFHEHR 2 850) IS EHNT T 235, KR
% 1 XK (Euler Bafigik) & L72E&ICE, K =2N
DO DA 1Z K < 2N OB A L R & 7
D, MOMMRIEDL T2 (M4). ZoHE»LLDH, () D
7 — AR DR EZ G ATV SR BT 5.

SSC & CSC I L TId—HRi 2 fEE L 72\ (b) D7 —
ALK, BEORBUIC K 2728135 2b DD, MEHFF
HkTws, BHTAREIE K =4To (k)SSC & (1)CSC
DENTH 5. Sec.d.2.1 TR Xk HIZ, SSCIE X b
Uy 7 D% ENAD GP DX N THIIREhTL %
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W, K > N ORHICHOERIBE2RTRVEEZELLN
5.:huWﬁXFU/7’ﬂ?6ﬂn%%m%%ﬂﬁ;
MTh 203, SRIBEEUEFZHOCIGEICEX M)y
7 DZERIREL & R D 2R B % ﬂé@t(xﬁcwﬁ
23 (k)SSC X h bz BRARRIL T3

(c) CSC (K =1)

(f) CSC (K = 2)

(8) NC (K =3)

(h) SSC (K = 3)

) SSC (K = 4)

(i) CSC (K = 3)

(j) NC (K =14) (1) CSC (K = 4)

3: The contours of velocity distribution on vertical
(z-constant) plane are shown. The order of the shape
function is N = 2.

6. IE

3 RICEBETHE 1 2 AR FR T W B BRI, R
PRI A Y v 27 2 o TR e « (R R R
BT 5 FHERN L7,

1. PSSR L 720 Ds— R Ods (IR R ER A HI) 2 i 1)
T 5 75121%, SP MU correction part (3 (26)) 23%
NZENFLnZ o ThdsrFzenLi. £/, 7
FRAFEZ AL VERTA N v 7 Ofidd—Ic
EERPT I THLIFEZR L.

2. PR SHVSENT W2 NC FERERIX bV v 27)
X, FROMMSEROXEZ EIF TR 2 5
LW D726, TR L, —REf 2 T
BRI N ) 7 ORESST % SIS L,
SSC & CSC D D% EAL 2.

S VIR DWHHIZEAL % RIS 2 TARBIS DS &, SRR o Iy %
E TS EADEMRE 2 LI E D FUTATREIC 4 %,
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3. 3 RICHRETG % PV T—hEif - By O BEE T
BaRiTo 7, e - A RREE Sy
MUZED OfRZR L2, BFREBICOWTIE:, —
B2 R L 2V NC 2T H 2 MR T 57 —
xﬁitt IS DRIE ST, IR
AN AR R O B2 DB BRI R F L, (RS
DT O RRIE I TR W E2 5.2 e \»
Bz ol (KREAROBRILEAZZIEENT
W3) ., F7, A MUY 7 OERRBDMEDREIC
—3 L %\» SSC &, CSC ICHRTRDMERIETS
B —AMHBHEERL I,

_— =

(c) CSC (K = 1)

(e) SSC (K = 2) (f) CSC (K = 2)

(h) SSC (K = 3) (i) CSC (K = 3)

(G) NC (K = 4) (k) SSC (K = 4)

(1) CSC (K = 4)

4: The contours of velocity distribution on vertical
(z-constant) plane are shown. The order of the shape
function is N = 2. The Euler explicit scheme is em-
ployed for the time integration (first-order scheme in
time discretization).

SHOMEE LT, W RORE 2 BGEES 2 H032580F
53, Flo, ARTIREL 72 CSC IR I & K
ZUGEET 2 X IOREEEL T30, BEERRIEA RV v 71
REEI AT 3T — 1 RDOLEAE 5, ZnEREEEKS

HICHEET TS & CGP 28T 2 6, 3T—-1 - T
DIERTGERLIRFIC = A ) 7 v FHERE 21T ) THETED
EZon, BRENRET 2 EMFERS.

T3N — K OEIGERIE T ) 2 BT H %
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i

AF7EIx JSPS BHFEE 258793 DK %3272, 2 2
ML THEEERT S,
7. #E A:RFERZ T IIETO—KRRITE

Sec.4.1 TR Xk H iz, —ROBEHEFAE T TIE NC
Z R T—RiRF R 2 », L L, vUVBR (Ya
E7 YD) HEEZL L & wRAEBIE 7125w T,
R R ORI E@ T UL (K > 3N OEAICE)
HRERAERI 2N L, R Z IR 5 L PRiE NS, &
5121F, N =1 & L78A10 3 KICHRIE 710 2 [{lAK[H
B XV 7DD Ly, %Y. Ok, K>3
TNC ZhoEET R EREEL, AfioEt (X
(31),(32)) D DFERZF T2,

#£ 5 L, norm of a freestream error
(max{|v — vg|/ug, |w — wo|/up}). The order of a
shape fuction is N = 1. The wavy grid is rigidlly
rotated with w = 0.1.

Order of SP: K | NC SsC CsC
1 21x107% 56x10717 6.9x 10" 7
2 39x107° 1.1x10716 29x10°16
3 1.9x 10716 15x10716 26x10-15
4 6.1x10716 44x10716 16x10"4

8. #E B:BEXANYYICENZEEMD DD KL

A CIZIRFRERE 12 2 B 2 X Runge-Kutta % A\
7o, 22T, KA B Y v 72 2T 5 FH%E Sjogreen
S5DEALZELWD2HOTHNT 2, £7, £EOY
P op, = dip(7)/dr DRFREIZTERZ DU O X 9 I8 A
45

Y(72) —P(11)

g = BRI,

AT =1 — 1. (66)
Ty, WA Y 2§ ORI OSSR E
UTDXI AT (D7D, r(r)=rEn ()
SR

fe=—[{(ryxm)c-r+(rxre)y v}
(e X P)y 1 (X ) T
H(re xr)r-r+(r X 1) - T}y]/6

= - [{ralm2) x ) - 7(r2) + (0(r2) X () - 7(72)}

—{(ry(1) x r(11))¢ - (1) + (7(11) X re(T1))n - (1) }

H([r(r2) = v(11)] X 7(73))n - 7(73)
+ [r(72) X 7y(72) = r(11) X o (71)] - 7(73) }
+{[TC(T2) X 'l"(TQ) — 7’((7’1) X ’I’(Tl)] . 1‘(7’3)

+ (r(73) X [r(r2) = (r)])c - (7))},
(67)

2T, mid T, IFANIICEE ZRZITH D, R
BOMBRICE D ®es, COREA MYy 7 LRERQ %
MW TEHE L 2R BRADLL (0F + 0,F + 0:G)
%f, RHS(T’(Tl),’I’(T2)7’I"(7'3),Q) é’.%( WHZ)_H:, @éﬂ%
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fg%?%ﬁﬁhﬁ:%é}@ Euler BRI T D X 9 ICFRB
s Z)

J(Tn+1)Q(Tn+1) =
J(mn)Q(mn) — ATRHS(r(n), 7(Tn41), 7(Tn), Q(1n))  (68)

Kg{%f‘ﬁﬁb)?’: 2 B 2 XD Runge-Kutta iJEIZ AT D@ D
ThH 5.

J(Tn+1/2)Q(Tn+1/2) =

J(T)Q(Tn) — %RHS(T(%), r(Tn41), 7(7n), Q(Tn)),  (69)

J(Tr41)Q(Tnt1) =

J(mn)Q(mn) = ATRHS(r(7n), 7(Tn+1), 7(Tnt1/2)s Q(Tny1/2))s
(70)
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