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This paper presents a versatile and Proper Orthogonal Decomposition-based shape optimization method, to
delay laminar-turbulent transition and to promote a mixing. The main problem is the nonstationary Navier-
Stokes problem, for which time average velocity field is generated to take time integration, and a correction
coefficient matrix is formed. Eigenvalues of the correction coefficient matrix is defined as the cost function.
Based on Lagrange multiplier method, the objective cost functional is obtained, and by using Adjoint variable
method main problem and adjoint problems are solved to evaluate the sensitivity. The two dimensional cavity
flow used as an initial domain is reshaped iteratively with H1 gradient method which is able to deform stably.

1. Introduction

A shape optimization method is able to play important roles in
flow control, and high speed fluid machinery is designed such as
airplane’s body, wing and engine inside. Then, to delay laminar-
turbulent transition and to promote a mixing are needed.

In spite of the flow stability is playing very important roles in
fluid dynamics and fluid engineering, many existing papers have not
reported effects of the stability by shape optimization. Thereby, T.
Nakazawa [1] reported that the minimizing and maximizing problem
of the dissipation energy are solved in the two dimensional cavity
flow and the flow stability is changed indirectly by the optimization
process, where the stationary Navier-Stokes problem is used as the
main problem.

Next, T. Nakazawa and H. Azegami [2] suggested a new
pioneering shape optimization method to make the disturbances
stable directly, in which a real parts of the leasing eigenvalues is
used as the cost function and the stationary Navier-Stokes problem
and its eigenvalue problem are defined as the main problems. By
the way, T. Nakazawa [3], the author tried to increase the critical
Reynolds numbers more by combining the two kind of shape
optimization problems. In particular, using the optimal domain
obtained in [1] as an initial domain, the minimizing problem of the
real part of leading eigenvalues constructed in [2] are solved.

This paper presents a more versatile shape optimization method by
using Proper Orthogonal Decomposition (POD) in the view point of
“Data Science”.

2. The nonstationary Navier-Stokes Problem

Let O c R? be a bounded Lipschitz domain for d = 2, atwo
dimensional Cavity flow is considered. The initial domain depicts
Qy c Q in particular

QO = QFull \ QCircr
O ={x=(»)|0<x<1,0<y<1},
Qcire = (x = (6, Y)| (x = 05)* + (y = 0.5)* = 0.1},
0Q = l—‘top U Twan

l—‘top = {(xry)l 0=x< 1ry =1 }'Fwall = aQO \ l-‘top .

For one of main problems, the nonstationary Navier-Stokes
problem is used,
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where velocity vector and pressure are depicted as u € U and
p € P,and Re represents the Reynolds number,

u € H'(Q, R?);

U =Ju = (16x2(x — 1)2,0) cos(mt) on Iyyp, ¢,
u=0on LCwall

P = {p € L2(Q, R);f pdx = 0in Q}.
Q

Forall (v,q) € V x P, the weak form is as follows;

Du
f {E.v_(v.v)q—(v-u)p+VuT:VvT}dxzo.
Q

where V = {u € H'(Q,R?);u = 0 on 9Q,}. By discretizing in
time with the characteristic curve method, the following weak form
to obtain {(u", p™)}\_, is derived,

(w(x) — u(x — Atu"(x)) n+1\
‘v

At —
L | —(V . vn+1)qn+1 _ (V . un+1)pn+1 dx =0,

|
N +7 )Ty (T )

forall (v",q™) € V x P with n € [1, N] andthetimestep N € N.
By the way, the solution of the stationary Navier-stokes problem is
chosen as the initial condition (u®, p°).

3. Proper Orthogonal Decompaosition

At first, taking time integration for the nonstationary Navier-
Stokes problem from T, to T,. Next, correlation coefficient matrix
R(u, %) € R™™ s formed where At depicts the time step size,
and

R(i, %) = f U idx,
Q



m= NZ - N1 + 1,T1 = AtNl,TZ = AtNZ

Second Proper Orthogonal Decomposition (POD) is used to obtain
eigenvalues w € R™ and functions i € R™™ by solving
eigenvalue problem R (i, %)1 = w. Finally, we have POD basis

1
@ = @ Ul € R™™,

4., Shape Optimization Problem
In the shape optimization problem, the first variation of the
functional L(¢) is the same as the material derivative;

L(¢,QUT,) = j G'(x,u, Vu) dx +f G(x,u, Vu)v - @dy,
9] a0

where (-)' represents the shape derivative and v depicts the
outward normal vector on the boundary. And more the domain

variation is defined as ¢ = ¢ + € + o(€?), where ¢, depicts

the identify map and the function space for¢ € D is

D= { ¢ € W=(Q,R?); }
Ul — dollwr=rey < L) caf

The main problems are the nonstationary Navier-Stokes
problem, and an eigenvalue problem of POD. For convenience, we
define the following functional;

N,
1
L1(¢) = Z f Gl (X, un’ pn' vn' qn) dx'
me Je@

Gl (x, un’ pn’ vn’ qn)

_ w1 (x) — ut(x — Atut(x)) i
At

_ (V . vn+1)qn+1 _ (V . un+1)pn+1

+ V(un+1)T: V('Un+1)T.

For a« € R™™ and &, for extracting from the j primary

component to the k primary component,

N,
1
L2(¢) = Z 5j—>k62(x' w, ﬁ' ﬁ' (Z),
m

n=Np
Gy(x, 04,1 a) = {(uﬁ - <f ﬁTﬁdx> ﬁ} a
¢(Q)

Based on the above preparations of the functional, the sum of the
eigenvalues f(¢) is defined as the cost function. So, the objective
functional is represented by

L((b) = f(¢) - L1(¢) - L, (‘P),

Ny
1
f(p) = - Z 8jpw™.

n=N,
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Anyway, in the view point of Lagrange multiplier method, the trial
function (v", q"™) € V x P to solve L,(¢) = 0 with FEM is the
same as the multiplier of the objective functional L(¢), and a €
R™™ for .

Based on Lagrange multiplier method, we can derive the main
problem (Section 2 and Section 3) and the adjoint problems. From
the main problem, it is possible to obtain the solutions
{@"pMHI_, and (w, @) for the nonstationary Navier-Stokes
problem and the eigenvalue problem for POD. Especially, from the
adjoint problems we should solve the following partial differential
equation;

1 JR—
VuDv+ (u-Vv+Vq - R—Av = 2V wdi,
e
V-v=0.
Finally, by substituting the main variables {(u",p™)}"_, and

(w, ) and the adjoint variables (v,q) and a into the first
variation of the functional, and we can obtain the first variation as

N,
. 1 1
i(¢) = fr ;ZN V@) (- g,

and the sensitivity is evaluated by

wall

N
1w 1
0= J; — Z P  dy.

wall n=N;

For numerical calculations, we should smooth ¢ with H® gradient
method, because the sensitivity is in L*(Q, R*) and lack of the

smoothness.

5. Numerical Results

The suggested shape optimization problem is demonstrated
at Re=100. For the test calculation, POD is performed to show the
stream lines for POD basis and eigenvalues in Fig. 1. Next, |
investigated numerical accuracy by increasing the number of
elements and vertices depending NN. Fig. 2 shows w, with the
reshaping steps based on NN, and the numerical result is
asymptotic at NN=130. Finally, | operate the shape optimization
problem changing &;_., and &;_,,, gives us the smaller
eigenvalues w, for the second primary component than the
shape optimization defining the dissipation energy as the cost
function. Fig. 4 explains the optimal shape for &;_,.

6. Numerical Results

In this study, the shape optimization method for flow stability
control is suggested, where the cost function is defined as the sum
of the eigenvalues based on POD and the nonstationary Navier-
Stokes problem is used as the main problem. §;_,,, gives us the
smaller eigenvalues w, for the second primary component than
the shape optimization defining the dissipation energy as the cost
function.
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Fig. 1. Stream lines for POD basis and eigenvalues.
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Fig. 2. w, with the reshaping steps based on NN.
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Fig. 5. The shape improving in 3 dimensional domain.
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