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Stability analysis of Defect correction on Sub-Cell(DECS) scheme has been carried out for one dimensional scalar

advection equation. DECS introduces sub-cells which are represented by solution points in a grid cell. A diagonally
dominant Jacobian matrices can be constructed by employing the first-order upwind discretization for the sub-cells. And
thus, the convergence of the iterative scheme such as Jacobi, LU-SGS, MFGS for the linear system is ensured. The
stability limit of DECS is investigated by the linear stability analysis. Effect of the choice of the correction functions on

the stability property is also discussed.

1. F&7T
VTR, DR © OEM LES 4 3254 5 oAk v
—DWFENEANATONTE Y, FERER T2 ey DiEnZE
IREEE 23280095 2 L IR D, kRS THEDNEH &
O TV D, (RFRIN 7 kI REE AT L /L % > (Discontinuous
Galerkn, DGYIED T 578, ot CIIHEE X 0 7RG /i i e
(Flux Reconstruction, FR)IECMESE S, BhEd A5 400 E
INTWD, ZHHDOTFETE AP ESIISE LD -9 0 B
Y, B UERCCITEL Y —~ AR A P R A i 5
ZEHHE T D, R LD T2 DI LB S L NICEE
FoTNDHT0, S HIRENR O 2 7 OB NI 2T — 2 3
YASEHOHDT=, EFWEEWIRET 5 = &L A3HkD. FR 1%
BR—R L UA—T ) —RAa— R TH %5 PyFR 13 18,000 fHoD
CPU Zf#if] L C, 13.7PFLOP/s(Peak Lt 58.0%) &\ 9 IS\ Vi
BEREZ R L T D O
LML, ZHUHEOTEIOEEEAICRIA SN TS L IEE
WEES . ZORKROBIR E LR A FEHEA T, )7
BN & DT B D, DG/FR JED AL TIE., B LE
D7V > T AR & FERC MR L OHDT-, 1550
OV aefFIxta7 v v 7 LI T vy 7 O AT TR &
725, LinL, EEE I B e F B 2R VNIRRT 8, 4
Ty 7 Rt E/VN B BEBX R OTEFATA) 1devs
AN LDDMFHBIATHNE 72D, 2D, DO 2 A
R A Y BERDIER IR E W20, TR E AalEhE L 7
STWS., 2 b DOREE fERT ~ <, FHE 5@ Defect
Correction on Sub-cell (DECS)Z#£%% L 72. DECS TI& FR {ED& /LN
OHBHEIZXST 2V 7BV EEATDH I LT, HIRARE
(FVM) THIFA ST LU-SGS, MFGS, LU-ADI 73 & O%hR1)
TRl E A CE 5. FR 1550 DG DN %4730 30 BRI
T % &, RO ORI T8 D At by
I EIERH T AW A TV EORIEIEPMERTE 7202 &N
BN TS O DECS T DORRICY T2 /IR 5 | ks
FEE ED FVM 275 2 & TSN Shvd, HE LW
IZMFGSO & FRIEZBADEIETATY 2 X b, HEE
KIEZHIES % = L 1TEED L, NACA0012 B OFERSE Euler 51451 C

LRI RA1SD Z LIS Lz, Lo L, kEMEFRIZ W T
VIAPEDIK TR S TR0 . WAL 2 Rt iar—
ARG TR Y, RFHENEHANZMEICE TE 500K 05k
ZRGELE CH D, IHERHRIZ DN T, FR ARSI
LIEERE LCliT g Ga O LB 72< | fthofEiER
Boa AT A OREEOBGRIT R0 &8 VW2 D, & 2 TAIRSE
TIX DECS 2/ L, 1 oyt el 1 Ionhaioifeic
%I9°% Von Neumann “ZEMAMRNT & AR T DI HEFERR AT S .
{EERS OIS CREMDN LT 206 L, EAEA~DIEH
BEZD.

2. BEEME
2.1 XFEeARER
KROGFERIT 1 ot R s 1 eI RO e T
0.
ou OE _

E-Fa—o (E=cu) (1)
ARG Clde = 1 23 5.
ou 0%u
Tl (2)

AWFZECIHu =187 5.

2.2 Flux Reconstruction j%

T IV NERERX TR SN AMBZE O TORLVE, ETNE
AU RIS TR SN DRI R OFEEE LEg = [-1 < £ < 1]
(T 5. WERZER O /VIEINEOER X, = (x) &, Fi-
FALDITRIET DIZIRBEM & IV CTIRO L 9 1R E 2.

N
=) MO ®)
=1

DY 2 T ] = |0x /0E |l L 2SOy 2 FATHRT 5.
HEZE IR D X D ITE&T 5.

Copyright © 2018 by JSFM



on  0F _ .
ot 0¢& )

a=Ju, E=]§E (5)

WIRAFEDONY MV, B3R CoRBIE ¢h 5. F(4)
ZR < 720145 B UTK + VIEDOWS(PHESE D AEA L, fifE
KIRDT 7T oD 2 R CHET 5.

K+1

B =) 9w ©)
=

HEEADA T 7 2 ISP DA T2 ZATHY, ¢;(E)IFKIK
DT TT 2V aBEHThHDH. SPOBEROVFITIMMEEMENH D03,
ARG I 7 A& 5.

SPTOREIFEIREAT 5 12012, FROMIY % 7T DB
7%, A(6) AU DWW T HiH LE(7) D L 5122 mAGEEd
%.

K+1

E@©) =) ¢, Ey @
=

TR OWNTRD J H 12T 5.

K+1

OB = ) #',() By ®)
=1

UL, 3(7) DU L ORESR A S LTl b L
FCCHREEGe i & 70D, 20, AR B R T @ /i

Efil%?r% L, ZOfE%E &5 X 5 e VNDSARES ZETFRS %
PR EVRY:EE [ N A QL s € - R S 1] R i e Yl
PERAIZ DWW TIEBR2ODE WS, F 7=, (SRR TPy 7 i

DOEZTENOUIL K L L 2D X9, K+l R Trlaiiudss
5720\, Huynh®ld Z VA F2A DB 5 DEHIAEE LT

B = 5© + 2P - 5D 0o
2
O TG PG IO
2
Z 2T, g, GrIFFNENIEADIETERELT, g 1350m(E = —1)
T1, A& = 1) TO & 705, £72 g, & grlIFAEFRORRICH
5.(gr(&) = —g,(—9) BIFREEII N ETIZZHGRR SN T
TS, AW CIIZEfIE - OB\ \gp e & REFEITS D B DD CFL %

REL EDTENHRDgeq BT 2. FAAI IR AT
(10)D LT D.

0Bt =0;E(6) + BT - B~ a16)
2
+ [Effi" - Ei(l)]gé(f) (10)
2

LLEIZ Y FRIEOHEBIEADME S 7

B2 EHMBERAENES VRO L
008-2
2.3 FRIKIZEIT DY TILOEA L BERIRTE
DCSS ZEHT AT EANICH D HHET L2 7L
EV TR DO A R v 7 (ERZERECIXERE S 7 R UTHRIE)
EEFRT DMENRDH D, 2T, T TR EWIEEEA
T B 72D FRIEOBEFIIERAFRNC W Tl B,
TR O AN TORNC LY, IROBIEIEHND.
(ES 1T FRAISIER O T )

1
[ obras=gc -, ()
-1 i i3

0¢Ef % SP TOOES &3 5. (fEMEH L2V MEED Kt 0D

SP 352 DAV, 0¢Ef 78 KIKE COZIEATHIUS, KA
T 2w PMHET B, (1272 ATED SP AWEDSEw; > 0IIRFES
AR

1 K+1
f 0 Bf df = 8 ) w0 E (12)
-1 =

K+1

Z wj =1 (13)
=

7233, SP 7% Gauss A CERS SIV T UTw; 13 Gauss Fi3 D H 0 &

—3 L, 2K+l RFE CTOLIEXCTESDMRLT D, & 2 TROTESE
AT D,

Ef=E°, (15)
z i3
Fe = E€ 0 E€
Ej+% - Ej—% + 4806 E (16)

ZOFLAE MWD ERAITVRD & 5 1/ NK R ORI S ok Fn
ELTRTZENTES.

1 K+1
[obras =Y .- (a7)
-1 o 2 U2
FE7z, A(16) L VIR OWIHTRD L 5 ITFT 2.
Efa—E 1
deBE; = ]ZT,-]Z (18)

0, {IFENCEE L C b R DT, SRR R b=k
LolckRsns.
E.Cl_E.Cl ﬁcl_Fcl

~ Jj+5 j—5 k+5 k—>
2.0 2 2 2 2
¢Qjrt + 1E + A
xc e
Gz+% Gl—% 19)
44

ZHUT &Y BRI BIERA VR ST, RHFIED %Ejiz%‘i SP

BLO FP TOEf DREFEATREIND ZLITHLTH S, L
Tein o TR Z ZFRDOUUETET 5 Z LA TE, FR ATV
WNTOZENED—FRE VRS,
YaET rOiER] = 0(x,y,2)/0( 0,05, T
Copyright © 2018 by JSFM



TR AR s L O~ MWE—EOm B

Vj,k,l ~ AfjATIkA{I ]j,k,l (20)
Syt =AM U7E) 1 1)

Jj+

LEHMIECTE 5. Z5TIHA20 DL, FDS BIZ S & 7= E FVM fY
TR RSN BT DO TRV TH 5. MR/ NIl
35, 2 ooRBEEHRE VT FVM & FDS Offx 7aa
VRFEV T 4 HEMA LI FEERWD. TSR OBERE A
7 MU, 8HO FRIETIEHEDIZEWOTH L GRS 5.

2.4 Defect Correction on Sub—cell (DECS)

A O S, /AN SPGE)IC DWW TEEZEMANT
Afjﬂﬂk, QOEHEETHDMENRIE L, b7 2ABERTOA MY
VI EEFRTE D, ZHUTL D FYM Tk LBRR S 47z MFGS %
PHEHTH ERTES.

| WL TEZ D, £ %7 B/ HOWTH RS CHER( L5
ERD I HIZET B,

2
Aui‘j 1 ~ _
Ly V—]Z FojmSijm =0 (22)

AT 72 omE B OBERE S L < 13T 59 7+%
b, V, ST 7R VOISR LUOBER O Hif A 9. e)IicA4 A
P g ) N OO ase VA N/ 122 W e e g AEAVAN 5 2 | g o)
ER3) LD,

Aui,]-

1

A cig—i T#h5. DECS TIXRHS IO FR LE0BiER k% FiL  SP

CTOEIEBDTEARIG ZAE 5. ARFETIEQ23)% MFGS T
HEELTS.

2.4 Matrix free Gauss-Seidel (MFGS)

FVS D& 2 % \TA = AY + A7IZ0ET 5. 227G, AT LA™
L, FNENRAEERD BT 2R & AT DR &2 F LT
W5, ZOAT % Jameson & Yoon [FARY RV (A) & VWL
TOEINTEEILZ®

A= 2 (At (D) 24)

F72 MFGS TIIFEHAIEDAT AulZRD & 5 7prfbl & fEd. E %
IEREERATH 2.

AtAu = %(AEC +p(A)D) (25)
AEC = Ec(Qn + AQ) - Ec(Qn) (26)
BN QAR 5.
I p(4) 1
<E + T,]) Aui,j + FL,] [(AEC - p(A)Au)i.or.Hl,j

— (AEc + p(A)DW ;i1 | = RHS;j (27)

%2 EHMBERAENZS VRO L
€08-2
3. 1 RuipmiRARER
3.1 REMHART FRATS
| IR iRt URTEM R 21T 5 . ZERIED 0
ZEMTIIEZEIC Huynh@DM T TG, Z005 255512 Matrix
TEACLEEMIRMTAAT S . ZEEMMNTIAER L7z Matrix OREEEC
DI Appendix SRSV BERIRE Y 2 5D T2 2B T
P LICEATEEZ 7 e v b LTSN ORI E S = &
NEMETHS AT CFL OB iz ORESEL CFL=
1,10,100, 1e4, 1e8 TT7-.

3.2 RIEMHAET fER

1 RICHEREI R ZEHRAT ORI A Fig.l 775 Fig6 (O
9. Fig1 7»5 Fig3 £ TIHEERE ¢ Ga DEZMIBEORERTH
Y, Figd 75 Fig6 F TIHEERH ¢ DG OBZERIFEEEDFER Th
5. ABIERE g Ga Z V=86, 2 COZEMFERE & CFL CHEA1E
7'y MBS OFIINE VEECTH D Z v bhoiz. —7,
EIERHL ¢ DG M ZI5A, 28] 4 YRS CFL=10 OEFET
BEAIET 7 > RASHEALOINIH TREEITIR D 2 & avbinoTz.
S HIZETOEAEDBAINIZILE S CFL 2 LIZE 2 A, §)
CFL=12 LT85 Z LDy notz. BT T 1 ook
IR TR O A AT 5.

3.3 BESEER AHEEN

1 WOTORFESEIR0:1]% 10000 /U4 EIL, BRI EHEE R %
W5, A 7 A5 2 RGE L, 1 JERIRHT S 7=, Tablel
\CAHETERE, 2Rk CE4A L= CFL Z5=d~. CFL % 100 DAL
WL CHEAEDODRANTE A E D B, sHHEICHH L
7= CFL DFRIL 100 (2 L7z

Table 1 CFL numbers
2nd order 3rd order 4th order
g Ga 1,10, 100 1,10, 100 1, 10, 100
g DG 1,10, 100 1, 10, 100 1.2,1.35

3.4 HERERER

28R 4 YHEFEDE LRI ¢ Ga & g DG OfE#E% Fig7 & Fig8
VR, AR L7220 b ODZERH] 3 YRFEEELL T OFHRIT4A
TP CFL TLEIHEEITZ D Z & 2R LIz Fig7 OfERND
{EERE g Ga, ZE1H 4 RS OF R IZEMIAT ORERDO L B Y,
ATCD CFL CLEIFHR AT 2 7. 6k L T2 4 WRSEEDIEIER
DG OFEFITZEEMEIRIACd D Fig8(a)?> CFL=1.2 DRI TZeE
\ATZTWDD, IR 2 72 Fig8(b)?> CFL=1.35 DT
REEHLTIY, ZORERB L. 2 b DR BLE
PR ORER A MRS 5 Z Sl kEh LT

4. 1 RITERRALEATER
4.1 ZEVERAT RS

1 oKL RIS LB MR 21T 5 . 22O A0
ZEMEFRNTIIOR 2 HuynhO23 T 5 T b, ZEVERRITICAE A L
7= Matrix DREEUZOV VTl Appendix 2B S -0, B %2
BT ETESR NIRRT & [F] U < #358 Wl RIcEaiEE
2y b L7ZBRIZBAT M OFIIE S 2 E DG TH D, de(RiiA]
YD FEdt = tdx?/u s Uiz, dxlTBNAORE S ©id 0 &
D REVEEDMTHS. T=0.1,1,10,100, 1e3 T E1 T 7=

Copyright © 2018 by JSFM



4.2 RIEMEMT TR

1 RTTAMEALBOTRER O ZEEERRTORE R % Fig9 705 Fig14 12
759 Fig9 75 Figll & TIHEIERH g Ga DA ZEHIEEOREFRT
H Y ,Fig12 75 Fig14 £ TIHMEIERH g DG OS2I OfE R
ThD. 222 YRS OFFIHETEREL ¢ DG, g Ga & HIZ[EAfE
7y MPBEALHORIINE O LZETHD Z E03ghoT. L
L, Bl & e 0 220 3 YREFEEORRN S &5 B OIEIEREL
HEAT 7 > SBEALHOIN I TREEIZ/e D 2 EWV37no
jo. & ZCHRIEERHT 3 WREELL LORRARZEIAT) Z &N
Hek D 2R Ui, 3R A ZEIITADT% Table 2 ICE £ 5.

Table 2 Maximum t for obtaining stable solutions

2nd order 3rd order 4th order
g Ga Infinity 117 0.255
g DG Infinity 0.145 0.026

ARG L7 b DDOFMEIERIRL, A ZEMIERE DL E MR
P AT TR DD T LATRRED L, LEPEIRT Ot R A Mk
THZEITHE LT

5. #£5

FERREE FR {2512 DECS 1£% 3 A UHRTIRS/ 4 MFGS &
T BRSO 2BV R, Bt 2 | Yot R, | Yooy
JEHOREACITo 72, 1 TR CIY, &R Ga Tl
7] 4 YREIE & C, IEIERIEL DG CIEZE] 3 WSS £ CLEICE
BAITH 2 ERHERT. Lo, 1 IRGCHIIERNRE oI, E1ERS
U Ga, 25 3 YHEE T HLERIRND S D dti i3> T L
9. Fiz, EEREEDG (B L CIEZef] 3 Yok © b IRFRIZI A %
D DHINT A—2—r %K) 0.14 LB, ASkokafiis
DENZ 7= 2 & STV, ZD7=0FRO 715 TIEE
FANEELNT LAV L=, 2 2 C, B H A REIL S E 5T
7= BGERTCTH D, BRI - JEH ORI M 7oA
N5 2 & TRTOEIERMY, ZERIEE CHENZEIC R D
ZEERMER LTS, SRITA R - Rk OTEIREE AN
T 52 & TR L' T D On L, EREELC AT TRE
DY RIZHD A THL .

SE30

(1) B. Cockburn, C.-W. Shu, “The Runge-kutta Discontinuous Galerkin
Method for Conservation Laws V: multidimensional systems,”
J.Comput.Phys. 141 (1998),pp.199-224.

(2) H.T. Huynh, “A Flux Reconstruction Approach to High-Order
Schemes Including Discontinuous Galerkin Methods,” AIAA Paper
2007-4079

(3) P Vincent, F. Witherden, B. Vermeire, J.S. Park, A. lyer, “Towards
green aviation with python at petascale,” in Proceedings of the
International Conference for High Performance Computing,
Networking, Storage and Analysis, SC ’16, IEEE Press, Piscataway,
NJ, USA, 2016

4) FHE FAd, W8 25 “Matrix-free defect correction % JHV /=&
1+ YRS FR Y L/ S—0REEY 55 29 [RBEIA S )2
R LGSR 2015, B05-3,2015

(5) H. Asada, Y Ogino, K. Yasue, K. Sawada, ““A Third Order Accurate
Cellwise Relaxation Implicit Discontinous Galerkin scheme for
Unstructured  hybrid meshes,” Mathematical ~ Problems in
Engineering, 2014, 176752.

(6) Mg Sk HEE/IEREGEHS 1 CFD D7D O R 5
29 [EIIA ) 7R HE2,(1997) 2C9.

(7) F Bassi, S. Rebay, “Numerical evaluation of two discontinuous

% 32 ERIERAENFEL VRO L

C08-2

Galerkin methods for the compressible Navier-Stokes equations,”
Int.J Numer.Meth.Fluids, pp.198-207, 2002.

(8) S. Yoon, and A. Jameson, “Lower-upper symmetric-Gauss-Seidel
method for the Euler and Navier-Stokes equations”, AI4A4 Journal,
Vol.26, NO.9, pp.1025-1026, 1988

(9) H.T. Huynh, “A Reconstruction Approach to High-Order Schemes
Including Discontinuous Galerkin for Diffusion,” AIAA Paper 2009-
403

T T
CFL=1
CFL=10
CFL=100
1k CFL=Te4 |
CFL=1eg =

05 1

Im(G)
~

15 L ! L L !
-1.5 -1 -0.5 0 0.5 1 1.5

Re(G)
Fig.1: Stability analysis for correction function Ga, 2nd order

1.5 T T T

CFL=1
CFL=10
CFL=100
1k CFL=Te4 i
CFl=le8 =
05 - .
—~
S
E
-05 - E

Re(G)
Fig.2: Stability analysis for correction function Ga, 3rd order

1.5 T T T
CFL=1

CFL=10
CFL=100 ¥
1k CFL=Te4 4
CFL=1e8 ©
05 | b
o
- 0 B
E
-05 | 1

-1.5 -1 -05 0 0.5 1 1.5

Re(G)
Fig.3: Stability analysis for correction function Ga, 4th order

Copyright © 2018 by JSFM



Im(G)

Im(G)

Im(G)

1.5 T T T
CFL=1 *
CFL=10
CFL=100 ~+
1 b CFL=1e4 B
CFL=1e8 =
05 i
D |- .
-05 - i
R B
15 | I | | |
-1.5 1 0.5 0 0.5 1 1.5

Re(G)

Fig4: Stability analysis for correction function DG, 2nd order

1.5 T T T
CFL=1 =
CFL=10
CFL=100 v
1k CFl=Te4 ]
- CFL=1e8 =
05 *
5!
*
or * b
*

-05 b
1k 4
-‘5 L 1 L L L

-1.5 1 0.5 0 0.5 1 1.5

Re(G)
Fig.5: Stability analysis for correction function DG, 3rd order

1.5 T T T
CFL=1 =
CFL=10
CFL=100 v
1k CFl=Te4 ]
CFL=1e8 =
05 *
5!
*
or * b
*

-05 b
1k 4
-‘5 L 1 L L L

-1.5 1 0.5 0 0.5 1 1.5

Re(G)
Fig.6: Stability analysis for correction function DG, 4th order

% 32 AIBIERENFE L VRO L
C

T T T
Initial =—
CFL=1 ——

CFL=10

CFL=100 =——

0.9

08 -

0.7 -

0.6 \ b
0.5 8
0.4 - s
03 1
02t g

0.1 B

Fig.7: Numerical analysis for correction function Ga, 4th order t=1.0

" Initial ——
ok CFL=1.2 —— |

08
07
0.6
05
04
03
0.2

0.1

4 T T T T T
Initial =———
CFL=1.35

Fig.8: Numerical analysis for correction function DG, 4th order t=1.0
(a)CFL=1.2, (b)CFL=1.35

Copyright © 2018 by JSFM



Im(G)

Fig.9: Stability analysis for correction function Ga, 2nd order

Im(G)

Fig.10: Stability analysis for correction function Ga, 3rd order

Im(G)

0.5

-0.5

0.5

0.5

-1.5

Fig.11: Stability analysis for correction function Ga, 4th order

nwn 0o
—a )
=4

T
T

-1 -0.5 0 05 1
Re(G)

©=0.1
z=1.0
=10
L =100 i
T=1e3
Ty
E o e - g
3
1 1 Il 1 1
1.5 -1 -0.5 0 0.5 1
Re(G)

T T T T
©=0.1
z=1.0
=10
L =100 i
T=1e3
)
L i 4
nd
ad 7
%
o owe o T -
4
o v
L %vw" 4
%
1 1 Il 1 1
1.5 -1 -0.5 0 0.5 1

Re(G)

1.5 T T T T T
T=0.1 *
t=1.0
=10 ¥
1+ =100 B
T=1e3 o
05 - -
0r Y R EMRERIOK K ORI -
-05 - -
R B
15 1 1 1 1 1
-1.5 - -0.5 0 0.5 1

% 32 ABERENFEL v

ROD L

Re(G)

(08-2

Fig.12: Stability analysis for correction function DG, 2nd order

Im(G)

[E0 X -2

o

Il \I“‘T:T:A

— =
—~o

v i

Re(G)

Fig.13: Stability analysis for correction function DG, 3rd order

Im(G)

T T T T T T
T=0.1 *
z=1.0

L =10 v 4
=100
T=Te3 o
L L 4
V_VVV
B v
v ¥
[RRIE B MKMW XK XORRON M S— B
P vs
& v
L o 4
1 1 1 | | 1 | 1
3 -25 -2 -15 -1 -05 0 05 1

Re(G)

Fig.14: Stability analysis for correction function DG, 4th order

Copyright © 2018 by JSFM



Appendix A
1 TSI TRk U FRIEDZEE T 24T 5 .
Ju ou
E+C£=0 (C=1) (1)

PRI A5 2 5. o, AR X 1252 B
2.
Upnie (x) = &% @
Ugxqact (X, 1) = elw(x—ct) 3)

w 13- < w < TOMICH LW TH Y, NI = V—T1OREEENL

Tho. FENORILE; = [i—3,i+3] & LEADKE S %

g
Ax=1 L35 HENAOSP IR Huldy,; = explw(H?]) THRY,
B UCRB\WTIIRD X H12FT 2 L sHERS.
Ui_q; = exp Py €))

BNADIERY MVE = {uy;,j =1,.., K + 1} &R G 1X
SP DA T 7 A u OBVNGIENET 7T v ¥ 2 ZIEA% VT
WA TEIND.

K
w = 1@ = ) w (5)
j=1
PUF &Y FRIEOEAITAND A —H —% 23 L E M

MR Matrix 2502, BRI D4ME R
DEHTFHES.

K+1
w (1) = Z ugjd;(=1) = 1"y, (6a)
j=1
K+1
W) = ) w (D = 1Ty (6b)
j=1

T LrT| T PV ThD.

IM=[¢;(-1, j=1..,K+1] (7a)

T =[¢;(1), j=1,..,K+1] (7b)

BIVNDE SPIZI1T DIrRET 7515 D((K+HD)*K+1)) & T5.
Dj, = 0¢u(§;) ®

O FEHTIDMGY B F
% SPIZHI BIEER g DBOREGISY ML T,

gL =10e:.(&), j=1 . K +1] (9a)

gh=[0:9r(¢),  j=1...K+1] (9b)

MRS DR I A M A B i & 2. 28D 1 By
FERA0)D L D IcFREND. 0F/ 0x=2 [FFHAEARDO Y 2 T T
& 5. A)DORFISGE S AT 5.

% 32 AIBIERENFE L VRO L

C08-2
Oui _ 0{ Gui _ T T ,
% X0 2[Du; + (r'ui—q — Muy) gyl 10)
Ou; T T " _
Fa +2[Du; + (r"uj_y — "uy) g1 =0 (1D

2Tl q, CoERD L IR LRANCRET. EEOE X
LLETHD.

C_1=2g;7T, Co=2[D—(g}IT)] (12)
0ui
E + C_lui_l + Coui =0 (13)

FET MFGS OB o 5. R (13)i2 Backward Euler A5
UADEEE AR (WM, ult ) L 3L SRR O%E, &
DEHIT2D.

R(u™, ult) = Coqu™ + Coul! (14)
FEFETAR 2R 5.

n

oR
R™1 = Rn 4 WAu (Au=u™1—um) (15)

Au; dR™
—l+R"+7Aui=O (16)

MFEGS DAY 2 B 7 AT & Z DB ARy DI
BTHI & 70% . F 7= FR 15T MFGS 295 7-121% DECS 1%
ZH, BT R EIRE 1k S e 2. AlEliT—koo
RO TR CIILA T DO L 91278 5.

o~ AVi=w,S=1 a7
2
1N 9 -1
Aj;= v Z =5 Smr Ajjmrorke = Z_V]-(C +0;1) (18)

miIP 7RI T EDOERESOA T ATH Y, m=1 OBIILE
DR, m=2 ORAIAOBEN RS SEBROYA, FExtfomE
TR DA L 72 2 72 DA (18) TITE F O TERAL L TRy E
7=R(18) DI IARY MARAR L TEY, 0 = |c| &7 b.

iy b E oo ER Il ETh 5. A2tz £ &
7. R(16)DR™ % 22 MBI D Matrix (ZiE X #ax, FERIRES O
Matrix ZZ% EROLE D I27eD. B L OFRITG) %
fEH LB &R T

I
(A—"t + A) Sy = —(C_re™'@ + Co)ul (19)

I [THNATHICH D, Au = u™ — w72 D TR QO
ASE)

I !
W= (R a) A e e @)

T
G=(1—°+A)_1(I—0+A—(C ™19 1 ) 1)
At At -t 0

G 7% Amplification Matrix & 720 IRAT T DR OILRIE L 7025,

Z 0 Amplification Matrix OFEVAEAAER PR HZ7 vy b LR

ZHAL ORI E 5 2 & AFHREZZEIAT ) 12D DOETh 5.

LI EC 1 RoehERs i s CoEM S O e LA K 2 5.
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Appendix B
1 WTTHMAEROTRERUTRT U FR IEOZEMIRT 21T 5.
ou 0%u
3% Mz =1 @

BRI 552 5. 212, BEERARO & 5125 2 b
5.
Upnie (x) = e!®¥ @
Uexact (X, ) = e~ wtolwx @)

w 13- < w < TOMICH LW TH Y, NI = V—T1OREEENL

Tho. FENORILE; = [i—3,i+3] & LEADKE S %
Iw(i+i)
Ax=1 &% KEND SPIZHIT Duldu; ; = exp 2) THA,
BB B CERRD £ IR T 2 LA HBRS.
Ui =expPu;, wgg =exp®u; (4)
VAR FVEU = {u ;) =1, K+ 1} ERT (I

SP DA LT 7 Ay u DRNMNIIILT 7T ¥ 2 282 FAVC
KA TEREND.

K
w = 1) = )y ©)
=1
PR &Y FRIEOEAITAND A L— X —% 73 L M7
BB % Matrix ZHESE 5. 2 VBERICIST B AMBARTIA
DX HHED.

K+1

w(=1) = Z ugjdj(=1) = 1"y, (6a)
j=1
K+1

wi(1) = ) g (1) = (6b)
j=1

T LrT| T PV ThD.

IM=[¢;(-1, j=1.,K+1] (7a)

T =[¢;(D), j=1,..,K+1] (7b)

BIVADE SP IZE1T DIOMREG T4 % D(K+HD)*K+H) & T 5.
Dj, = 9 (§;) ®

O FEHTIDMGY B F
4 SPIZHI HIETERI g DRGIREGISY MVIZAF T,

gL =10e0:(&)),  j=1. K +1] (92)

gk =[0:9r(¢),  j=1,..K+1] (9b)

FT RO EiET L. —EMaEv=u, LB Ly =
ij, j=1,..., K+ 1} LD ZEHEO 1 o100 &
INTERSND. 08/ 0x=2 | FPEFEMD Y 28T L ThD.

% 32 AIBIERENFE L VRO L

C08-2
du; 0¢0u; 1 ,
v = 6_xl = aa—g =2[Du; + E{(rTui_l +1Mw) = "u}g;
1
+ E{(rTui + M uipg) — 77w} gg] (10)

ZICLo1, Co, Coy BRD LS IZR LA

Cy=g1r", Co=2D—glI" — gpr",Cor = gpl"  (11)
v = CoqUiq + Couy + Challiyg (12)

RIC MO 23R T 5. S Zw = v, = un b B &,
wi ={wij,j = 1,.., K+ 1} LR 5. 22RO “FEI3K3)
DEINTEES.

w; = 2[Dv; + (vfi’in - lTvi>g,: + (vfji" - rTvi> grl (13)
2 2

VO I R COILEO Y Th B . ANETIIvom &
BR2 CEHHET 5.

vfﬁ” =D+ g, (=DrTu;_y + [I"D + gr(DrT]u; (14a)
2

v = [r"D + g (=Dr"lw; +[I"D + gp(Dr" Jussq (14b)

)
R MIUAERT 257 MV EB g CEL ERAETG2.

com
Ui—l = BLui_l + BRul',

2
B, =1TD + g, (=1)rT,

U.Cfin = Byu; + Bruiy,  (15)
itz
Br=1"D+ gp(DIT  (16)
TS OFRR G CA L, A5 L X(17) & e D,
wi =2[{DC_1 + g, (=1)(B, = 1"C_1) = gr(Dr"C_1}ui4
+{DCo + g1 (=1)(Br — " Cy) + gr(1)(B, — r"Co)}y
+{DCy + gr(D(Br —17C1) — g, (DI C}ugyq]  (17)
iRy N IATAEHT BIT8IEA 1, Ag, Ayy TS ER(18) 2155,
A—l = 2[DC_1 + gl’,(_l)(BL - lTC_l) - g,’e(l)TTC_l]
Ao =2[DCy+ g, (=1)(Bg = 1"Co) + gr(1)(B, — 17Cy)]
Ap =2[DC; + gr(D)(Br —17C) — g1 (=DITCy] (18)

KOIANT D & UM O 2.

du;
% A_quiog + Agui + ApqlUiyg (19)
ZERPEOEAIILL ETH S,

%55\ C MFGS OB 5. 2(19)i2 Backward Euler Z-{#
UADFAEE AR (M, ult uli D) &< BRI RS 0L
B, DI H 2D,

n+l . n+l , n+1) _ n+1 n+1 n+1
R(uf uf* ulf!) = Aol + Agul™t + Al (20)
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PFEHR RS 2.

OR™
R™1 = R™ 4+ F Au (Au=u™t —ym) (21)
Aui n OR™
E =R"+ WAH,: (22)
i

MFGS OYAWRHY 2 7 A3t & DBEOIER Ry DI
BYTH & 722 £ 7= FR T MFGS {425 729121% DECS
N, 7 Z LR Y, RS ZERT S, ARkt
7D TYBZER CIELA T DO L 9 12785,

OR™
mzA,Vj=wj,S=1 (23)
1 2
_ 9jm
J m=1
—0j1 —0j2
Ajj1orke1 = W Ajivrora = ﬁ (25)

miI 7L T DEREFDOA T 7 ATH Y, m=1 ORI
DOEER, m=2 OWHIEDERZ R 2013 AT ML EREE

L@s@,a=$afxé.

BiEY b E o ERXIUEI L TH D, S0l bE £ 2
%. (22)DR™ & ZEfIEERAL> Matrix | &z, BERIRLS O
Matrix ZN1%5 LRD L DT85, EI-BEE L ONHRIT@) %
il Ui &z 7.

I,
(A_Ot + A) Au; = (A_je7 19+ Ag+ Ae'®)ul  (26)

IV TEAATHICTH D, Au = u™t — u 2D TR QRTI A
JECTED.

-1
Ut = (:1—‘1 + A) % +A+ A7+ Ag+ AUl (27)

-1

10 10 —Ilw Iw
G=(E+A) Lt A+A1e71 + Ao + A1) (28)

G 7% Amplification Matrix & 72 W IRAT v FOWOPELRAE L 725,
Z® Amplification Matrix OO ZAEH TR FIC 7 7y b UTZBR
(ZHN O E 2 Z EAFHRAZTEIAT O 1O D& TH 5.

PLET 1 IR COREI T O e LA/ 2 5.

% 32 AIBIERENFE L VRO L
(08-2
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