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The morphology of the bedrock channel is controlled by multiple factors such as sediment feed rate, the properties of 
the material of both bedrock and sediment, like topography and strength of rock. The abrasion caused by bedload 
colliding to bedrock has been proved as an important mechanism of erosion on bedrock. The DEM has been applied as 
a tool to analyze the erosion rate on the metal surface by sand particle collision, which has been proved a good method 
to simulate the behavior of particles in soil mechanics and powder technology. This study in order to construct a lateral 
erosion model based on DEM analysis and discuss how the mechanical factors control the bank erosion rate. A 
comparison between simulation results and experimental data was conducted. The result shows that DEM simulation 
can predict the location of erosion and the tendency of erosion rate increasing from upstream to downstream.  

 
1. Introduction 

As the global warming process, the intense rainfall is more and more 
frequently all over the world. Intense scouring transported more sediments 
from upstream to downstream, and then the bedrock was exposed in the 
upper and middle reaches. Those include channel bed and the foundation 
of hydraulic structures. Thus, how to estimate the erosion on bedrock has 
become an essential topic to river management. 

An important mechanism of bedrock channel erosion is the incision and 
abrasion by saltating sediment. (Sklar and Dietrich (1) (2), 2001, 2004; 
Finnegan et al. (3), 2007; Johnson and Whipple (4) (5), 2007, 2010; 
Chatanantavet and Parker, 2009 (6); Inoue et al. (7), 2014). When bedrock 
covered by sediments, the lateral erosion on bedrock channel wall was 
increased where the incision was suppressed (Finnegan et al. (3), 2007; 
Johnson and Whipple (4) (5), 2007, 2010; Nelson and Seminara (8), 2011). The 
detachment caused by the flow shear stress of river (Stark (9), 2006; Wobus 
et al. (10), 2006) and the abrasion result from sediment transport (Mishra et al. 
(11), 2018) has been proposed as the factors controlling the lateral erosion of 
sidewall in bedrock channels. A model proposed by Hancock and Anderson 
(2002) (12) in which the erosion rate on bedrock bed is controlled by the rate 
of sediment transport, but the erosion rate on the sidewall of bedrock 
channel is also dependent on the stream power. Small et al. (13) and Inoue et 
al.(14) suggest that the bedrock strength and the degree of weathering can be 
two control factors of the erodibility of a bedrock bank.  

Inoue et al.(15) have given an approximate solution of permanent form 
described how a bedrock-alluvial meander bend migrates outward. A 
parametrically imposed specific sidewall erosion rate with spatiotemporally 
constant values was used. For clarifying how the sediment feed rate affects 
lateral erosion on the sidewall of bedrock channels, laboratory experiments 
and simulations were conducted by Mishra et al. (2016) (16). In those 
simulations, the lateral erosion rate was parameterized by the lateral 
sediment transport rate. Two key factors are still vague: The number of 
collisions between bank and bedload, The lost kinetic energy for every 
collision. The numerical analysis in the scale of particles is necessary for 
clarifying these two factors. 

Discrete Element Method (DEM) (17) has been proved as an accessible 
method to describe the behavior of particles in multiphase flow (18). CFD-

DEM with considering the three-dimensional motion of spheres has been 
used in the analysis of sediment transport. (19) 

This study aims to analyze the contact force between sidewall and 
sediments and the energy variation of the contact process, clarify how the 
sediment affects lateral erosion rate on the sidewall of the bedrock channel 
in particle scale.  
 
2. Numerical simulation 
(1) Flow model 

The governing equations for a 2-D plane flow field are based on the 
numerical model proposed by Asahi et al. (20). In computation, the equations 
were transformed into a boundary-fitted coordinate system. For simplicity 
here write the equations in an orthogonal coordinate system as follows: 
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where  
 
𝜏𝜏𝑥𝑥
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in which h is the water depth, t is time, u and v represent velocity, g is the 
gravitational acceleration, H is water level, 𝐶𝐶𝑓𝑓  is the bed friction 
coefficient, 𝜈𝜈𝑡𝑡  is an eddy viscosity coefficient calculated by using Von 
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Karman’s coefficient ( κ = 0.4), it is given by : 
 

𝜈𝜈𝑡𝑡 =
𝜅𝜅
6

(𝑢𝑢∗ℎ)                                           (8) 

 
where 𝑢𝑢∗ is the shear velocity. 
 
(2) Model of secondary flow 

Considering the effects acted on bedload resulted from secondary flow(21), 
The distribution of flow velocity in depth and the traversal is given by: 
 
𝑢𝑢𝑠𝑠
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where s is the streamwise direction, n is the normal direction away from the 
local center of curvature. z is the bi-normal direction in depth. 𝑢𝑢𝑠𝑠 is the 
flow velocity in s-direction, 𝑢𝑢𝑛𝑛𝑛𝑛 the velocity in n-direction on bed, 𝑟𝑟𝑠𝑠 is 
the radius of curve, ℎ is the depth and H the elevation of water. 𝜉𝜉, 𝜑𝜑 and 
𝛽𝛽𝑠𝑠 are given by: 
 

𝜉𝜉 =
𝑧𝑧
ℎ

 (0 < 𝑧𝑧 < ℎ);       𝜑𝜑 =
< 𝑢𝑢 >
𝑢𝑢∗

;      𝛽𝛽𝑠𝑠 = �𝜑𝜑 −
2
𝜅𝜅� 

 
in which < 𝑢𝑢 > is the depth average velocity in s-direction.  
The transformation from Cartesian coordinate to the streamwise-normal 

coordinate refer to the treatment of Asahi et al. (20).  
 
(3) Equations of particle motion 

The equations of translational and rotational motion of the particle i are 
given by: 
 

𝑚𝑚𝑖𝑖�̈�𝒙𝑖𝑖 = �𝑭𝑭𝐶𝐶𝑖𝑖𝐶𝐶
𝐶𝐶

+ �𝑭𝑭𝑂𝑂𝑖𝑖                               (11) 

𝐼𝐼𝑖𝑖�̇�𝝎𝑖𝑖 = �𝑴𝑴𝐶𝐶𝑖𝑖𝐶𝐶
𝐶𝐶

+ �𝑴𝑴𝑂𝑂𝑖𝑖                              (12) 

where m is the mass of particle, I is the particle moment of inertia, the 𝒙𝒙 
and 𝝎𝝎 is the particle position vector and the angular velocity of particle 
respectively. 𝑭𝑭𝐶𝐶  and 𝑴𝑴𝐶𝐶   are the force and torque result from particle 
contact. 𝑭𝑭𝑂𝑂 and 𝑴𝑴𝑂𝑂 are the force result from other factors totally, in this 
case only considering the drag force from fluid. The equations of fluid drag 
effects are given by: 
 

𝑭𝑭𝑓𝑓𝑥𝑥 =
1
2𝜌𝜌𝐶𝐶𝐷𝐷𝐴𝐴2𝑑𝑑𝑖𝑖

2��𝑢𝑢 − 𝑢𝑢𝑝𝑝𝑖𝑖�
2 + �𝑣𝑣 − 𝑣𝑣𝑝𝑝𝑖𝑖�

2�𝑢𝑢 − 𝑢𝑢𝑝𝑝𝑖𝑖�    (13) 

 

𝑭𝑭𝑓𝑓𝑦𝑦 =
1
2𝜌𝜌𝐶𝐶𝐷𝐷𝐴𝐴2𝑑𝑑𝑖𝑖

2��𝑢𝑢 − 𝑢𝑢𝑝𝑝𝑖𝑖�
2 + �𝑣𝑣 − 𝑣𝑣𝑝𝑝𝑖𝑖�
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where 𝜌𝜌 is density of water. 𝐶𝐶𝐷𝐷: profile drag coefficient. 𝑭𝑭𝑓𝑓_𝑥𝑥, 𝑭𝑭𝑓𝑓_𝑦𝑦: 
The fluid resistance on one element in x or y direction. 𝑢𝑢𝑝𝑝𝑖𝑖, 𝑣𝑣𝑝𝑝𝑖𝑖 are the 
velocity of element i in x or y direction respectively. 𝑢𝑢, 𝑣𝑣 are the flow 
velocity where the element i in x or y direction respectively. 𝑑𝑑𝑖𝑖 is the 
diameter of an element. 𝐴𝐴2 is the 2D surface shape factor.  

  
Fig. 1  Contact force model in normal direction 

 
Fig. 2  Contact force model in tangential direction 

 
(4)  Contact force model  

The Damped Linear Spring (DLS) model (17) was used in simulation, The 
contact force in normal direction acted on the particle is given by: 
 

𝑭𝑭𝑁𝑁,𝑜𝑜𝑛𝑛_𝑖𝑖 = �−𝑘𝑘𝑛𝑛𝛿𝛿𝑛𝑛 + 𝜈𝜈𝑛𝑛�̇�𝛿�𝒏𝒏�                             (15) 

 
then the tangential component as follow: 
 

𝑭𝑭𝑆𝑆,𝑜𝑜𝑛𝑛_𝑖𝑖 = 𝑚𝑚𝑚𝑚𝜕𝜕�𝑘𝑘𝑠𝑠𝛿𝛿𝑠𝑠 + 𝜈𝜈𝑠𝑠�̇�𝑠,𝜇𝜇�𝑭𝑭𝑁𝑁,𝑜𝑜𝑛𝑛_𝑖𝑖��𝒔𝒔�                  (16) 

 
where the 𝑘𝑘𝑛𝑛 and 𝑘𝑘𝑠𝑠 is the spring stiffness in the normal direction and 
tangential direction respectively. 𝜈𝜈𝑛𝑛 and 𝜈𝜈𝑠𝑠 is the damping coefficient in 
the respective direction. 𝛿𝛿𝑛𝑛 and 𝛿𝛿𝑠𝑠, as the fig.1 and fig.2, is the overlap 
length in the respective direction. �̇�𝛿 and �̇�𝑠 is the overlap velocity in the 
normal and tangential direction respectively. 𝒏𝒏� and 𝒔𝒔� is the unit vector in 
the direction marked in fig.1 and 2. The 𝜇𝜇 is the slide friction coefficient 
between particle i and j. 

The contact between two elements was assumed hertzian(22) (23), and the 
spring stiffness in this model is given by the equivalent maximum strain 
energy model.(24) It is given by: 
 

𝑘𝑘𝑛𝑛 ≈ 1.053��̇�𝛿0𝑚𝑚′1⁄2𝑅𝑅′𝐸𝐸′�
2⁄5

                          (17) 

 
where �̇�𝛿0 is the relative impact speed. 𝑚𝑚′, 𝑅𝑅′ and 𝐸𝐸′ is effective mass, 
effective radius and effective Young’s modulus, respectively. They are 
given by equations as follows: 
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1
𝑚𝑚′ =

1
𝑚𝑚𝑖𝑖

+
1
𝑚𝑚𝐶𝐶

                                        (18) 

 
1
𝑅𝑅′

=
1
𝑅𝑅𝑖𝑖

+
1
𝑅𝑅𝐶𝐶

                                         (19) 

1
𝐸𝐸′ =

1 − 𝜈𝜈𝑖𝑖2

𝐸𝐸𝑖𝑖
+

1 − 𝜈𝜈𝐶𝐶2

𝐸𝐸𝐶𝐶
                                 (20) 

 
in which 𝑚𝑚𝑖𝑖 and 𝑚𝑚𝐶𝐶  is the mass of particle i and j, 𝑅𝑅𝑖𝑖 and 𝑅𝑅𝐶𝐶 is the 
radius of particle i and j , 𝐸𝐸𝑖𝑖 and 𝐸𝐸𝐶𝐶  is the Young’s modulus of particle i 
and j, 𝜈𝜈𝑖𝑖 and 𝜈𝜈𝐶𝐶 is Poisson’s ratios for i and j, respectively.  

The 𝑘𝑘𝑠𝑠  in equation (14) from the elastic solid mechanics analysis of 
Mindlin (25) , it is given by: 
 
𝑘𝑘𝑠𝑠
𝑘𝑘𝑛𝑛

=
1 − 𝜈𝜈

1 − 0.5𝜈𝜈                                         (21) 

 
in which the 𝜈𝜈 is Poisson’s ratios.  

In this model, Young’s modulus, Poisson’s ratios and grain size in those 
equations were from measurement or experimental data. By this way, the 
spring stifness in DLS model is ralating to the properties of material. 

The damping coefficient 𝜈𝜈𝑛𝑛 and 𝜈𝜈𝑠𝑠 in equation (13) and (14) can be 
obtained by 𝑘𝑘𝑛𝑛 and 𝑘𝑘𝑠𝑠, they are given by: 
 

𝜈𝜈𝑛𝑛 = �
4𝑚𝑚′𝑘𝑘𝑛𝑛
1 + 𝛽𝛽2                                         (22) 

𝜈𝜈𝑠𝑠 = �
4𝑚𝑚′𝑘𝑘𝑠𝑠
1 + 𝛽𝛽2                                         (23) 

 
where 𝛽𝛽 is given by: 
 

𝛽𝛽 =
𝜋𝜋

ln(𝑒𝑒)                                            (24) 

 
in which, 𝑒𝑒 is the coefficient of restitution. 𝛽𝛽 also was used to confirm T 
the contact duration and 𝛿𝛿𝑚𝑚𝑚𝑚𝑥𝑥  the max overlap length of the contact 
between two particles, they are given by: 
 

𝑇𝑇 = 𝜋𝜋�
𝑚𝑚′
𝑘𝑘𝑛𝑛

�1 +
1
𝛽𝛽2�                                    (25) 

𝛿𝛿𝑚𝑚𝑚𝑚𝑥𝑥 = 𝛿𝛿0̇�
𝑚𝑚′
𝑘𝑘𝑛𝑛

exp �−
tan−1(𝛽𝛽)

𝛽𝛽 �                        (26) 

 
(5) Erosion model  

The DEM has been applied to the erosion analysis of metal material, 
including the elbows of metal pipe(26) and the tube erosion in the fluidized 
bed(27). In those, erosion models have been proposed based on the collision 
angle and velocity(28) (29). 

The E/CRC (Erosion/Corrosion Research Center) erosion model (29) 

was used to calculate the erosion rate, it is given by: 
 

𝐸𝐸𝑅𝑅 = 𝐶𝐶(𝐵𝐵𝜕𝜕) −0.59𝐹𝐹𝑠𝑠𝑉𝑉𝑝𝑝𝑛𝑛  𝐹𝐹(𝛼𝛼)                           (27) 

𝐹𝐹(𝛼𝛼) = �𝐴𝐴𝑖𝑖𝛼𝛼𝑖𝑖
5

𝑖𝑖=1

                                      (28) 

Where the 𝐸𝐸𝑅𝑅 is erosion ratio defined as the mass removed from the 
erodible surface divided by the total mass of particles impacting on the 
surface. The 𝐶𝐶 = 2.17 × 10−7 and 𝜕𝜕 = 2.41 are the empirical 
constants. 𝐵𝐵𝜕𝜕 is the Brinell hardness of the material of wall. 𝐹𝐹𝑠𝑠 is a 
particle shape coefficient, for fully rounded sand particles, it is 0.2. 𝑉𝑉𝑝𝑝 is 
the particle incidence speed in m/s. 𝛼𝛼 is the particle incidence angle in 
radians. 𝐴𝐴𝑖𝑖 from i = 1 to 5, are 5.40, -10.11, 10.93, -6.33, and 1.43, 
respectively. 

The E/CRC erosion model has been proved as an accurate model in the 
prediction of erosion rate on metal surface resulted from colliding by sand 
particles. But as a model designed for metal surface, it cannot be used in 
predicting the lateral erosion on bedrock directly.  
 
(6)  Simulation process 

Considering the bedload is moving in a section close to the channel bed. 
In this simulation, the bottom section is defined by the saltation hop height 
of sediments proposed by Sklar and Dietrich (2), it is given by: 

𝜕𝜕𝑠𝑠
𝑑𝑑 = 1.44 �

𝜏𝜏∗

𝜏𝜏𝑐𝑐∗
− 1�

0.50

                                (29) 

where 𝜕𝜕𝑠𝑠 is the hop height of sediments, 𝑑𝑑 the diameter of sediments, 
𝜏𝜏∗ and 𝜏𝜏𝑐𝑐∗ is Shields number and the critical Shields number respectively. 
  In this study, we reproduce the flume experiment conducted by Mishra 
et al. using the one-way coupled DEM described above. Table.1 and Fig. 3 
shows the comparison between the experiment and the simulation and the 
shape of the flume, respectively. 

The erosion width (Wl) was calculated as follow: 
 

𝑊𝑊𝑙𝑙 = 𝛽𝛽𝑚𝑚
2
3𝑑𝑑

𝜌𝜌𝑠𝑠
𝜌𝜌𝑤𝑤𝑚𝑚𝑙𝑙𝑙𝑙

𝑁𝑁𝑜𝑜
𝑁𝑁𝑠𝑠

𝑇𝑇𝑜𝑜
𝑇𝑇𝑠𝑠 𝐸𝐸𝑅𝑅                            (30) 

 
where 𝛽𝛽𝑚𝑚 is related to the difference of material properties between 
bedrock and metal, in this simulation the 𝛽𝛽𝑚𝑚 is set as a constant 5. d is 
the diameter of sediment; The 𝜌𝜌𝑠𝑠 and 𝜌𝜌𝑤𝑤𝑚𝑚𝑙𝑙𝑙𝑙 the density of the sediment 
and channel wall respectively. 𝑁𝑁𝑜𝑜 and 𝑇𝑇𝑜𝑜 , respectively, the sediment 
feed rate and the duration of the original condition in the experiment, and 
𝑁𝑁𝑠𝑠, 𝑇𝑇𝑠𝑠  are the same parameters in the simulation. 
 

 Experiment Simulation 
Grain diameter size 0.74 mm 0.74 mm 

Width of flume 5 cm 5 cm 
Wave number of flume 3 3 
Wavelength of flume 100 cm 100 cm 

Slope of flume 0.01 0.01 
Meanderangle of flume 60 degree 60 degree 

Discharge of water (m3/s) 0.0005 0.0005 
Time 4 hours 12 seconds 

Sediment feed rate (m2/s) 1.7*10-5 1.06*10-7 
Table. 1  Comparison of conditions 

 
Fig. 3  The shape of flume 
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3. Result 
Apply the DEM model and erosion model referred above. The data 

from the experiment conducted by Mishra et al. (16). To compare the result 
from DEM simulation and the experimental data from Mishra et al. (16) , as 
shown as Fig.4, 5, and 6. The result of DEM simulation shows the same 
tendency as the experiment: from upstream to downstream, The lateral 
erosion rate is increasing. 

The simulation results of the bank erosion width are well agreement 
with the experimental results (Figs. 4 and 8). The erosion width increases 
from upstream to downstream in both previous experiment and our 
simulation. However, which factor makes the erosion rate increased from 
upstream to downstream is still not clear. Therefore, we investigate the 
following three factors: 1. Collision angle, 2. The average speed of the 
particle group. 3. The distribution of particles in the transversal. Where the 
third factor is a non-dimensional quantity 𝜎𝜎𝑡𝑡, it is the standard deviation 
of the non-dimensional particle transversal position. 𝜎𝜎𝑡𝑡 is given by the 
equation as follow: 

 

𝜎𝜎𝑡𝑡 =
∑ |𝑝𝑝𝑡𝑡(𝑚𝑚) − 𝑝𝑝𝑡𝑡|𝑁𝑁
𝑖𝑖=1

𝑁𝑁 ;   𝑝𝑝𝑡𝑡 =
1
𝑁𝑁�𝑝𝑝𝑡𝑡(𝑚𝑚)

𝑁𝑁

𝑖𝑖=1

               (31) 

 
where 𝑁𝑁 is the amount of traced particles. 𝑚𝑚 means the number of particle. 
𝑝𝑝𝑡𝑡(𝑚𝑚) is the non-dimensional position of paticle i in transversal, it should 
be a value from 0 to 1. 𝑝𝑝𝑡𝑡 is the average value of 𝑝𝑝𝑡𝑡. 

The distribution of those three values along the centerline of the flume is 
shown as Fig.8, 9, and 10. In which, the average speed of particles shows 
an increasing tendency. The figure also shows the group speed lost on the 
curves, which means the kinetic energy of particles was lost there. Fig.8, the 
factor of transversal distribution shows a tendency that when the particles 
group passed a curve, particles were concentrated in transversal, which 
makes collisions occurred more concentrated. The result shows these two 
factors partly controlled the bank erosion rate, and they were working 
together in the abrasion process. 
 
Conclusions 

This study using the experimental results of Mishra et al. (16), based on the 
DEM simulation and a semi-empirical erosion model (29), analyzed the 
variation tendency of bank erosion rate from upstream to downstream. 
Mainly discussed how the two factors changed in the process: The average 
speed of the particle group and the transversal distribution of particles.  

DEM model shows intuitive and interpretable, but it also needs high 
accurate measurement in experiments to get the parameters such as material 
properties. From this study, It was found in DEM simulation that two 
controlling factors acted on the bank erosion rate together, the group speed 
of particles and the distribution of collisions. However, it is clear that the 
DEM simulation in such a short time cannot get a result of the bank erosion 
rate in high accuracy. The next step is to combine the parameterized erosion 
model with the DEM model. Take the change of flume width into 
considering, to build the erosion model for different bedrock material. 
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Fig. 4  The comparison of bank erosion width both sides 

 

 
Fig. 5  The comparison of erosion width on right bank 

 

 
Fig. 6  The comparison of erosion width on left bank 

 

 
Fig. 7  The comparison of maximum erosion width 
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Fig. 8  The distribution of collision angle 

 

 
Fig. 9  The average speed of particles  

 

 
Fig. 10  Standard deviation of dimensionless transversal position 
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