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Theoretical time evolution of numerical errors
when using floating point numbers in shallow-water models
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We carried out a theoretical investigation of the impact of the numerical errors caused by using floating point numbers
(FPNs) in simulations, such as rounding errors. Under the presupposition that model variables can be written as the linear
sum of the true value and the numerical error, equations governing the time evolution of numerical errors due to FPNs
(FPN errors) are obtained by considering the total errors of the results of simulations of shallow-water models and
estimating the errors incurred by using FPNs with varying precision. We can use the time evolution equations to estimate
the behavior of the FPN errors, then confirm these estimations by carrying out numerical simulations.
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Fig. 1; Schematic diagram of the floating-point error when using
bankers rounding, after substituting a value into the model variable p.
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Fig. 2; The initial distribution of (a) ¢ and (b) u in the geostrophic
wind balance experiment. The ordinate indicates the value of each
variable. The abscissa is the grid coordinate in the y-direction.
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Fig. 3; The spatial pattern of geopotential obtained from the barotropic
instability experiment after (a) 200 seconds, (b) 2,000 seconds, and (c)
20,000 seconds (QP FPNs). (d), (¢), and (f) are as (a), (b), and (c), except
that DP FPNs were used.
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Fig. 4; (a) The time evolution of the root-mean-square of the floating-
point number (FPN) errors from the geostrophic wind balance
experiments using double-precision (DP) FPNs. The output is recorded
every 2,000 seconds. The solid (dotted) lines are the experimental (ideal)
values of the FPN errors. The ideal equation is described in detail in the
text. (b) The same as (a), except for single-precision (SP) FPNs.
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Fig. 5 (a) The difference in geopotential (¢ ©?) between the quadruple-
precision (QP) FPN and SP FPN analyses (SP - QP) in the geostrophic
wind balance experiment. The abscissa is integrated time at 2,000
second intervals; the ordinate is the y-grid number. (b) The auto-
correlation time series of the one-step difference of ¢ in the
geostrophic wind balance experiment. The abscissa is delayed time; the
ordinate shows correlation coefficients. The blue dashed line indicates
the 5% significance level (100 samples).
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Fig. 6; (a) The time evolution of the FPN error in the barotropic
instability experiment, up to 2,000 seconds. The output interval is 20
seconds. The solid lines indicate the experimental values of the FPN
error. The dotted black line indicates the theoretical growth rate of the
barotropic instability wave. (b) As (a), except time integration proceeds
to 20,000 seconds and the output interval is 200 seconds.
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Fig. 7; Using DP FPNs, the FPN error patterns of the geopotentials
obtained from the barotropic instability experiment after (a) 9,000
seconds, (b) 9,600 seconds, (c) 10,600 seconds, (d) 11,000 seconds, (€)
12,000 seconds, and (f) 14,400 seconds. The shading scale is shown at
the bottom of each panel and the geopotential normalized index of FPN
error (NIFE) is shown at the top of each panel.
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