5 25 ERIEFRGBHZD YIRI I L
Co1-4

RRABEEDAFX—LICETE3IRTBHETRFTD
BAFNEREFMZ®/ICT X MY v I OIS E

Metric evaluation for higher-order finite difference scheme with geometric conservation law on
three-dimensional moving and deforming mesh

O b 5%, FARBE, T 229-8510 #s)IEAHBIFE T HEF & 3-1-1, E-mail : abe@flab.isas.jaxa.jp

i35 BT, #K, T 229-8510 #h4s)I AR Wi thEF &

3-1-1, E-mail : iizuka@flab.isas.jaxa.jp

¥4k #i, ISAS/JAXA, T 229-8510 £ i fH¥F &5 3-1-1, E-mail : nonomura@flab.isas.jaxa.jp
EH R, ISAS/JAXA, T 229-8510 &INEEAHES T HHEF & 3-1-1, E-mail : fujii@flab.isas.jaxa.jp
Yoshiaki ABE, University of Tokyo, Sagamihara, Kanagawa, Japan
Nobuyuki IIZUKA, University of Tokyo, Sagamihara, Kanagawa, Japan
Taku NONOMURA, Institute of Space and Astronautical Science, JAXA, Sagamihara, Kanagawa, Japan
Kozo FUJII, Institute of Space and Astronautical Science, JAXA, Sagamihara, Kanagawa, Japan

As is well known, on three-dimensional moving and deforming meshes, the use of standard evaluation for metric
and Jacobian causes fatal errors in terms of freestream preservation. In this paper, to avoid this error, new
conservative forms are introduced for metric and Jacobian, which satisfy the geometric conservation law (:GCL)
identity even when high-order spatial discretization is employed for the moving and deforming meshes. Using
these new forms for the computation of the uniform flow, the conservative quantities are ensured to keep constant
for three-dimensional moving and deforming meshes. In addition, one of the new forms has spatial symmetricity,
and some tests indicate the significance of the spatial symmetricity in the expression of metric and Jacobian.
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o FCMgym-CF IR X M) v 7 & ar 7oAl
iwﬁﬂﬁﬁ%%ﬁttméﬁﬁﬂ(fmm())
Z v, IR O B I SRR O RL AR (10)
ZIEIAT.

e FCM-SF, t I[HI A F U v 7 tvaE 7 vy oRAICIE
SEAAER (3 (15),(16),(17),(18)) Z R\, KR
[ DEERLL L Split-form2 DAL RER (42) % i
19, HL, KEAERFT 1/J 2RI L7
i 1/J 2 TBHENICE 2 5.,

e FCM-SF : FffiIX F VY v 7 L a7 v p&AICIE
et (X (15),(16),(17),(18)) %M\, Wy
m D EERAL 1% Split-form DSCELTFRZ (41) % H

f19.
Tab. 1: Scheme condition
SCHEME Time metrics and Jacobian
SDM-CF non-Conservative (Eq.(5),(6),(7),(8))
FCM-CF Conservative (Eq.(15),(16),(17),(18))
SDM-SF non-Conservative (Eq.(5),(6),(7),(8))
FCMgym-CF sym-Conservative! (Eq.(40),(39))
FCM-SF; | Conservative (Eq.(15),(16),(17),(18))
FCM-SF Conservative (Eq.(15),(16),(17),(18))
SCHEME Time-discretization
SDM-CF Conservative (Eq.(10))
FCM-CF Conservative (Eq.(10))
SDM-SF Split-form (Eq.(41))
FCMgym-CF Conservative (Eq.(10))
FCM-SF, tSplit-form2 (Eq.(42))
FCM-SF Split-form (Eq.(41))

fsymmetric-Conservative *(1/.J); is numerically given.
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9, BTCDOAF—LHET 23RN LRk 1
BT, PRSI —Lo/2 < x z<Ld2ﬁ%ﬁﬁ%
BEIN D EATEIERE AL & L i%ﬁ&ﬁ 123K (10)
(B L <I1E (41),(42)) ZHWZL, FRAMIGEBEA L
L, HEIEZZR 2 EL Ty =14 & L7z, BEGHHET
VD S b, IR RIS 13 2 SRS 3 SRS IR
% 3 A ADI-SGS [Effih% A 72, % e
JESME 2 e L, GHERIROBER S L LTI A
WIBERSEE (5 EQGDYE) 2 L 72, PIEHE T
&, —Lo/2 <z,y,2 < Lo/2 ITIEHZE, & RHEUZKTTM
iz Niaxs MR Axy = AyO =Azp = LO/( max 1)
5%, FEBRICHOIRERK T % Table 2 ITRT,

Tab. 2: Numerical cases

CASE | A Nonax At CFL #

1.0 x 1071 0.37
1.25 x 1072 0.090
1.5625 x 1073 0.024

1 1.0 x 1071 20
2 5.0 x 1072 40
3 2.5 x 1072 80

7 BIRFEIRE RS 2 O EE, 22N 6 RIGETH 26
ZHIFEE LT, BWTIROZIZIG U TR DO REE D
AN B3 X ICRBIAT Yy 7 AT 2RO TV 5,
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6.1.1 HEHBEFELHERT WHHAPY 7Ly
a7 YO LRl 7K D3 ’%‘lﬁ% HIVICHHT S
R, SIPIH % G Ug RIS B 54 022 B
()4 KGR 2 T, 7ads, FHERICHAERIE %
TT’)f’Aﬁfﬁ@iﬂﬁfﬁ ﬂ‘@“%”ﬁF‘i%’\ VBN 4 JORG RS

FrillzZ=oy 258 U, £ 7 BaikB 2 Ml 2 5 8D 7 4 wy—
VTR, BEZEKET L L TUUND X 9 22,
RIS 7 v & DCEE)§ % 3 Rouk& 28 A L TatE
BB, 22T, 0<05% (1), 5% (1) < 21 134%

T, BEAT Yy TEICS v ACE T,

511 (T) = 25,1,1(0) + Rsin(@5 (7)) cos(657 1(7)),

(43)

Ykt () = Yj.,0(0) + Rsin(@} (7)) sin(05% (7)),
(44)
2j, 1,1 (T) = 2,1,0(0) + Reos(¢] (7)), (45)
1<kl < Nyax, R = 0.05A10. (46)

£ 72, W uo = (uo, vo, wo),pos po & LT,

Uy = 010, Vg = Wy = OO, Po = pPo = 10, (47)

THALNS o STAD 1R Z 7z,

612 HEHRE 77— x1®@%%¥%ﬁwt,r—3o
B 2eEEEZTRT. £9, FCMRZDAF—LDT
‘((MLﬁﬁtéﬂTméﬁkvﬁ%@ﬁLt BRI
X, BEmIC ﬁzghtXPU/7&?:HTV£W
wTGCMHM 2),(13),(14) DA% K& B I FHEA
L7z, BFELICBRL, ZEMAE% ﬁﬁmi%m4A%ﬁ¢@
%ﬁ REE 720113 2 RAGHE 3 MR E 2 o/
?fﬁlﬂﬂa®ﬁunumwﬁbwﬁﬂﬁwwkﬁ%
%X%—AKWLTT@MS;FLf mmm3®@@

6, SCL 122\ Tl SDM-CF u%@éfz‘p VCL i
Tl FCM 760):77&750%&)‘&§0)7I —T GCL %:(%E
qu>5$ﬁ>/\7§>ot

Tab. 3: Maximum errors of GCL for CASE1 (0.0 < 7
< 1.0); Explicit 4th-order central difference method is
used.

SCHEME | VCL(Eq.(11)) SCL—xz(Eq.(12))

SDM-CF 2.54 4.08 x 10716
FCM-CF 1.66 x 10713 4.08 x 10716
SDM-SF 2.54 4.08 x 10~16
FCMgym-CF | 1.70 x 10713 4.08 x 10716

VT, PR L, /L4 LR O RN
B ROYIED S DT < Q > ZLAT D (48),(49)
DEIICERT S, &, iHHEHEHEEZ VR LT3,

Lo = max{|v — vo|/uo, |w — wol|/ug}, (48)
Nmax
<Q>= > {(Q - Qo)j,k,l/Qo;j,k,l}
jel=1
= | @-Qu/uv. (19)
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Tab. 4: Freestream preservation errors for CASE1
(Loo-norm, < @ >, 7 = 3.0); Explicit 4th-order cen-
tral difference method is used.

SCHEME Loo-norm <p>
SDM-CF 4.49 —2.03 x 107!
FCM-CF 7.38 x 10715 242 x 10716
SDM-SF 2.20 x 1071% 534 x 1078
FCMgym-CF | 6.94 x 10715 2.14 x 10716
SCHEME < pu > < pe >
SDM-CF 2.00x 1072 —1.16x 107!
FCM-CF | 6.03 x 107" 1.73 x 10716
SDM-SF 534x107%  3.82x10°8
FCMgym-CF | 2.36 x 10716 1.69 x 10716

BAFXF—LITOWT, Ly /WA, < Q > % Table 4
ICRT. Ly / V41% SDM-CF LIS A F — A THDFH
HEDOA—=F—THD, 1 REE R T 2 000
5., ZO—HT, <Q>IZ20VTIZFCM ZRLH I A E
HEER S, T4bb, KX MYy 9 aEr i
SERMRFRLZ FIL 2 WHEED 2 ¥ — LR, FCM %98
PR ORI & v ) B TIERMICEN L 2 HE
BRI 2, B, gHIKFELTTr—RA 22 HVichE
, *%?ODE%L%@-&(H L7z (K (46) T 12%EA%Z AL
72) BETH LELORHREAR £ Mk E o 7,

Tab. 5: Maximum errors of GCL for CASE1 (0.0 < 7
< 1.0); 6th-order compact scheme is used.

SCHEME | VCL(Eq.(11)) SCL—z(Eq.(12))

SDM-CF 7.83 148 x 10~
FCM-CF 7.63 x 10713 1.48 x 10715
SDM-SF 7.83 1.48 x 10715
FCMgym,-CF | 3.65 x 10713 1.48 x 1015

Tab. 6: Freestream preservation errors for CASE1
(Loo-norm, < @ >, 7 = 3.0); 6th-order compact scheme
is used.

SCHEME Loo-norm <p>
SDM-CF —351 x 1071 —1.12x 102
FCM-CF 6.69 x 1071*  —3.05 x 107
SDM-SF 851 x 10715 —7.37x 1078
FCMgym-CF | 210 x 1071*  —3.10 x 1077
SCHEME < pu > < pe >
SDM-CF —410x107%* 364x10°
FCM-CF | =3.05x1077 218 x 107"
SDM-SF —737x107% 528 x10°8
FCMgym-CF | 3.10 x 1077 2.22 x 1077
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(a) SDM-CF (b) FCM-CF

&

(d) FCMym-CF

(c) SDM-SF

Fig. 1: Vortex preservation (contours of velocity mag-
nitude on z = 0 plane: ( =constant plane, 7 = 3.0,
CASE1); (a) SDM-CF, (b) FCM-CF, (¢) SDM-SF, (d)
FCMgym-CF. Contour is from 0.0 to 0.34.

(a) SDM-C

(c) SDM-SF (d) FCMgym-CF

Fig. 2: Vortex preservation (contours of pressure on
z = 0: (¢ =constant plane, 7 = 3.0, CASEl); (a)
SDM-CF, (b) FCM-CF, (c) SDM-SF, (d) FCMgy,-CF.
Contour is from 0.8 to 1.02.
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] %
06F</ SDM.CF | 7.,

0.4r[J] FCM-CF

.
) FCMyym-CF
-\ SDM-SF1 &

T R8O

(

)

Fig. 3: Vortex preservation (y-component of swirl ve-
locity distribution, 7 = 3.0, n = ¢ = constant); (a) SD-
M-CF/FCM-CF, (b) SDM-SF/FCMgym-CF; black line
indicates initial distribution.
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Fig. 4: Spatially periodic grid on [=constant plane;
7=1.6; initial grid is CASE2.
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HX(DtHLT%D%:HS(D Npax 7 —A 1 Ok
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N 1/2
lIpll2 = { (Pji . —pixka‘itf} /N (61)
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\/SDM-CF
[JFCM-CF
107° /\SDM-SF
& FCMgym-CF
L VFCM—SFQ
1077 <{>FCM SF

@"‘ ‘
= vo

0.2 0.4 0.8 1.0
AIQ

&

Fig. 5: Lg-norm in the velocity-magnitude profile in
terms of grid spacing (7 = 3.0): ||ul|2; red square is
of FCM-CF'; blue delta is of SDM-SF; green circle is
of FCMgym-CF; orange gradient is of FCM-SFg; brown
diamond is of FCM-SF.

1073 e
VSDM-CF
[JFCM-CF
= 107° &4+ /\SDM-SF
g‘ =3
= B FCMgy-CF
_ & VFCM-SF,
1077
/ OFCM SF
&R
0.2 04 0.8 1.0
A.’EO

Fig. 6: Lo-norm in the pressure profile in terms of grid
spacing (7 = 3.0): |[|p|l2; red square is of FCM-CF;
blue delta is of SDM-SF; green circle is of FCMgy,-CF};

orange gradient is of FCM-SF5; brown diamond is of
FCM-SF.
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Tab. 7: Lo-norm in the velocity-magnitude (7 = 3.0);
for each scheme, ||u||2 and the order of accuracy based
on ||ul|z are shown.

SCHEME CASE [|ul|2 Order
CASE1 | 6.19(—4)7 —
SDM-CF CASE2 1.32(—3) —1.09
CASE3 | 2.06(—3) —6.41(—1)
CASEI | 3.11(-5) —
FCM-CF  CASE2 | 9.23(-7) 5.08
CASE3 | 2.07(—8) 5.48
CASE1 | 2.76(—5) —
SDM-SF  CASE2 | 8.90(—7) 4.95
CASE3 | 2.06(—8) 5.44
CASE1 | 2.59(—5) —
FCMgym-CF  CASE2 | 9.02(—7) 4.84
CASE3 | 2.04(—8) 5.46
CASEI | 3.03(=5) —
FCM-SF,  CASE2 | 9.26(—7) 5.08
CASE3 | 2.06(—8) 5.48
CASEI | 3.03(—5) —
FCM-SF  CASE2 | 9.26(—7) 5.08
CASE3 | 2.06(—8) 5.48

16.19 x 104

Tab. 8: Lg-norm in the pressure profile (7 = 3.0); for
each scheme, ||p||2 and the order of accuracy based on
llp||2 are shown.

SCHEME  CASE [Ipll2 Order
CASEL | 9.47(—4)T —
SDM-CF  CASE2 | 3.64(—3) —~1.94
CASE3 | 4.36(—3) —2.62(—1)
CASE1 | 9.59(—6) —
FCM-CF  CASE2 | 3.03(-7) 4.99
CASE3 | 6.48(—9) 5.95
CASE1 | 8.26(—6) —
SDM-SF  CASE2 | 2.53(=7) 5.03
CASE3 | 5.91(—9) 5.42
CASE1 | 8.48(—6) —
FCMgym-CF  CASE2 | 2.70(—7) 4.97
CASE3 | 5.82(—9) 5.53
CASE1 | 9.67(—6) -
FCM-SF,  CASE2 | 3.00(—7) 5.01
CASE3 | 6.57(—9) 5.51
CASE1 | 3.00(—5) -
FCM-SF  CASE2 | 9.67(—7) 5.01
CASE3 | 3.00(—9) 5.51

19.47 x 1074
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1.0); 6th-order compact scheme is used.
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(c) SDM-SF

(d) FCM,yp-CF

Fig. 7: Vortex preservation (contours of pressure on
z = 0: ¢ =constant plane, 7 = 3.0, grid is CASE3,
time-step is CASE1); (a) SDM-CF, (b) FCM-CF, (c)
SDM-SF, (d) FCMgym-CF. Contour is from 0.8 to 1.02.
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