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The evaluation of the symmetric conservative metrics are discussed in detail to satisfy a freestream preservation
using the conservative flux reconstruction (FR) scheme on a three-dimensionally-curved stationary grid. In our
new evaluation, the conservative metrics(1)(2) is appropriately computed to avoid the freestream preservation
errors for any couple of the order of a solution polynomial and a shape function. The order of accuracy is also
validated for the computation of a convecting vortex on three-dimensional wavy grids. It is also numerically shown
that when the Radau polynomial is adopted for the modified function, the nonconservative metrics can preserve
the freestream althuogh the order of a solution polynomial is insufficient. This is due to the cancellization of an
aliasing error in terms of Legendre polynomial when the flux is reconstructed.
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1: Definition of grid, solution and flux points in each
cell. The order of a shape function and solution poly-
noimial is N = 1 and M = 2, respectively.
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DLEicidzz o9, BEROREICHEEIH S (Sec. 5.2)
ZIT, GPTHET A N v 7 EBOXRE M IZHD
, EEO N, M (R U CEEeRarE 2 i 72 3 5 %
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BHZ %, Step 1,2 FTIENC LRI, Step 313 SC &
FCTH 5.

Step 4
Interpolated
EOPM _ 8 I™ [TGP 2N
— §,IM [TgP 2N]
Step 5

@\&h@

first

4: Costruction of SCHGP in the case with N =1
and M = 2.

Interpolated
from A to .

Step 42 M ROFERIBE CTM ¢, = Tue—Tp, % M

ROMEBEEEZHWTERT S, 22T, hi,hj,hk 13
(M+1)x (M+1)x (M+1)fHoEES (LT HGP &
ML) 2K L, SP &7 2083, Lo LItGER
REME BB L, FHMOMRIE VERICED 2T
Basnwvt (K40=MBEOMEEZSH) . w2IZ, &
LV DR D GP IZI346 T HGP 23ED 15,

EOTM o PTG — 0, P TGN

M
GP;2N
= > M ©OMY Al OTSE
hi,hj,hk=0

— M) AMM M OTEREN i}
(35)
EGPM T3 AN RD Ty, Ty DEEBLEZ M X TR L #%

3T 5F, M >2N ORIZIENC TERALEDX MY v
y EGPRN L —H§ 3,

Step 5: M ROFEEEE SPM ¢, = Tac—Tpy % M

KOS Z A TE&RT 5.

M
= Y o (©e) Mot (O, (36)

ESPM T3 EGPM (M R) % M R THIMT 2%, HIC
ESPIM — (OPIM G 7 i C & b ESPM 3R RAFH

AFP LBV, BV AR VALETRAU X MY v 22 IET 3 A TH D (B
filix SC @ Stepd KU Sec.2.2 2H) |
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ZWEL (SP part 12 0), 72D FP T {5PM — (GPiM
& 7% % (Modified part 1% 0) . SCHGP 2SS A %
Wil TERMEIU T XY Ich s (#£3).

% 3: Condition for a freestream preservation using SC
(o and e indicate zero and non-zero, respectively)

Cases ‘ SP part Modified part
M < 2N | o [ by (A-2) ] )
M >2N | o[ by (A-1)] o

DEXD, X MYy 7ZHAOEEGEDO—ETREZ
FRDREL M, TEIRBIB DR N IR L TEA4DED *
tHons,

# 4: Expected characteristics of a freestream preser-
vation using each metric evaluation (o satisfies a
freestream preservation; e does not satisfy a freestream
preservation)

Order of SP M | NC SC SCHGP

M < N ° ° o
N <M < 2N ° o o
2N < M o o o
5. RILETHE

HIffii CE# L 72 NC,SC,SCHGP %\, BRIt
Ff E B OBEEGH R 21T 9. GHRON RIS R EIERS
e U, SRR IIEE & R e fexonil
Sk (2) ZHV S, K[MAIEIESA L U, B
v=14 T3, KHBEICZ, -5 <z,y2<5k23\
FRN DB T 20, yo, 20 22 (37)-(39) T 3 XITiIC
EDLEIEKTZHAEL, 2O 122K 5I1CRT. n=
4 A=04,Lo =10 £ L, Axy = Ayg = Az 1T IVIH
i (Node point) [DIETFIEE T 5. JEAUGIC I EINE
ZREL, FHEMEROEISTIZ& T R Stk %
L7,

- 1A - DA
a::aco—i-Axo{Asinmr(k )A%o sinmr(l ) ZO],

Lo Lo
(37)
Conm(f—1DAzg . nm(l —1)Az
y:yO—FAyO[Asm 9 Lo) % gin ( Lo) 0],
(38)
z =20+ Az [A sin nm(j — 1Az sin n(k — 1)Ay0] .
Ly Ly
(39)
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'y\va

5: Computational grid and initial flow (convecting
vortex)

5.1 —iREREE
W wy = (uo,vo, wo),po,po & LT, z TIEID—ER
HEUTDOLIIZEZ B,

ug = 0.10, w9 =wp =0.0, po/y=po=1.0, (40)

T RBUI B NS Nyaxe = 10 (H RO R B0
koTHRRZ2) &Lk IWIRBBROEED N = 2 O,
50 A7 ZRHEREOWAVED Lo / Vb (0,0 DK
) ZFSIORNT, Ztuckh, —HEiEREET S 2 b

#£ 5 L, mnorm of a freestream error
(max{|v — vg|/ug, |w — wo|/up}) using each metric
evaluation with gg, modified fuction. The order of a
shape fuction is N = 2.

Order of SP M | NC sC SCHGP

1 (M<N) 52x 1072  49x1072 1.3x 10~ M
2 (N<M<2N) | 1.9x1072 68x10714 6.8x 10714
3 (NXM<2N) | 44x1073 14x10713 15x10713
4 (2N < M) 1.5x 10713 2.8x10713 2.8x 10713

oy 7 ERBOBERIEHTEI O 4 D) TH B HHEUE
PN B D 5 7z,
5.2 BiE

RIZ, 2XKIGIH0) 2 Bif S ¥ - FHERE R 2 DU ISR T,
BRIE T X H IERL 7.

(y_yc) _TQ 02 2
u = Uoo — CT% exp T,p = Poo — 2R% exp(—?‘ ),
(41)
(x—x) ——r? 5 [(@—2)®+ (y—y)’
’U:CTEGXPT,T = Rg
(42)
C:UOO€7 (43)
%8, R. = Lo/10,e = 0.02,Us = 0.5, . = yo =

0,p=10¢& L7, BHLLEP L TTOMEICRES
TLBETHHEL, 2 ~EDHDIENIAZIK 6 1R,
X 6 & —BEMMRFFDE 5 Z KT 2 £, —HRIRERRE % i
7w —ATiRimE e Rk Tu Ry, —F, —
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MR RS 27 ¢ — A Tl z REFHERTw 5, KIS
FRDOREDY M = 4 DI, AR A Y v 7 2RKBT 2
NC & SCHGP 1%, %9 TZ&\WwSC (Sec. 4.2) XD i
ZRCRRHETw 2, 2, —RRfifiRi 27z L <
WThH, XYY 7 DOREDGORE LD IR L%z
BRI VRERL TV 5, 10 T
105 & +:l'::_:;$::j ~~~~ +
6 ~+
% 6: The number of node points prepared for the con- - 10 +
vergence study on each accuracy M. T 107t +.
~ RtV
= 0% plinc ---- Tl
Npor \ SP 1 2 3 4 0 p2.nc --—-- ~p
i 3,nc --—+-- ]
O(30%): Coarse | 15 103 78 63 o0 | DA ne e | T |
0O(40%): Medium | 18 123 93 73 30 40 50
3. 3 3 3 3
O(50%): Fine 243 163 123 10 DoF
RIZ, Swirl velocity: v D Ly / VA ZK 7 I2HE 5, (a) NC
Z 2Tl Npor = 0(30%),0(40%),0(50%) D&% FIE
L, AT 200002 R, &, £6ITIFERH 10 : : :
TOFEI A7 M T8 (2 VIES DB : Node point) e E'\E;\El ]
LT, %
10 B\E\E, ]
-
S 107 %\E\m i
PQN
108 b pl,sc —H— 1
vl BEE
F p3.sc 1
s 10710 pd, sc —H— & ]
(a) NC (M =1) ) SC (M =1) 30 40 50
DoF
(b) SC
_I
4
(d) NC (M = 2) 10
-5
10
100 8“"9 """"" ©
> e "0o..
t’?\\. 10 7 e.'::'.g..: ..... o)
N 081 pliscHGP @ e ©
107 p2, scHGP g N 2)
(g) NC (M = 3) (i) SCHGP(M = 3) - p3,scHGP @+ ]
1010 L__p4, scHGP @ TS

O © DoF

(c) SCHGP

.| |

(j) NC (M = 4) (k) SC (M =4) (1) SCHGP(M = 4)
7: The order of accuracy using NC, SC and SCHGP

6: The contours of pressure distribution on vertical for metric evaluation.
(z-constant) plane are shown.

—RRIREF 2 72 S vy — R (X 7(a) :NC D pl-p3,
[ 7(b) : SC ® pl) FEDOUIHEDTE S, —J5, 2THOX
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B MR N 72 B SCHGP T, ROREDS
FLRDICONTINHREDR RS 2%, 22T, Kk
Fiosii 7z ST HMBOPCRMED B — 2 (X 7(b) : SC
D p3, pd) WHEHT 3. Sec. 4.2 Tk 51z SC T
FHINDEA MY v 7%, BOREDS M > 2 DEETH
TEIRBIE DO XRE (N = 2) D EOXREZF v, 2
2, TN6DT —ATIEREHEMRDORES X R ) v 7 D
FETHIRINTwE EEZ NS (p3,pd IZEBWTDH p2
EFRUPCREMEL Ff 722 v) . ok Hic, RERX T
Yy 71k ) —HRRz2RE T 22X —oaz2HwTdh, X
P Y 7 DREDNEDRE K D HIRSEEIIZBEE D
WEBHZWEEDH 2 F1 0o 7.

7B, WTNLHEICROMEAICH 505, D& 2
f1x FR %% DG % CTHYEREZ R < B —fR IR 6
2H5DTHS. SHOBREFHECIIBRIEZ D > 72
D, MoPDRERTIDEABELZZEEZLSND,

E%;,E:Thﬁbtamﬁ XY B RN IS DV
Tz, £ 71, HHE 30312817 % SCHGP D&%
TOMERE GHEREICIE Intel(R)Xeon5450(3.0GHz) %
i, HENEFNIZB T B ifort DEGELA 7> 2 >~ % 03)
ThHs., 706, FHUHHETOFBEREIZXED
W o TV BHERT DB,

# 7: CPU time on the computation of the convecting
vortex using SCHGP (Npor = 30%)

Order of SP M | 1 2 3 4
CPU time ‘396[8] 246[s] 198[s] 182]s]

6. NC lc& T3 EEREE—RRFEDRMFR

Sec.4. KON 5. TIHEIEBIEUC gga Z V>, NC 23FD
KB M > 2N ORI Z R T 2 FH2 R L, L
L, BIEBIEUCH (10) D gpe 2T Sec.5. DHEH
Biairo L, #8DLEIIT M > 2N — 2 DRFIC—K %
REFT 2 H gD o7, RETIE, gpg ZBEREUICH
WEEIZ, gaa £ DIRWBEORET IR R 5
HhEEET 2,

% 8: Freestream preservation using NC metric evalua-
tion with gg, and gpg modified fuction. The order of a
shape fuction is N = 2.

Order of SP M NC (with gga) NC (with gpg)
1 (M=2N-3) 5.2 x 1072 8.8 x 1073
2 (M =2N-2) 1.9 x 1072 4.4 x 10714
3 (M=2N-1) 4.4 %1073 7.6 x 10714
4 (M =2N) 1.5 x 10712 1.6 x 10712
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Sec.d. MU' 5. T L % & 912 ggo ZH WA NC 28
M < 2N DRI —HER 2 REF L 2 WL IX, SP OXRE
THEEI NS X MY v 7 OB ¢5F (M R) 2351
TARDIRITII 2 £, (2N R) ZERBHEARWHICH S,
DFy, SPTDXA LY v 2 5P MR % ¢ §
(SP part#£ 0), 2 FPIZB TGP £ 5P (Modified
part£0) &7 0, FHREFEX NV v 7 0 I mIBRAAR 2
W7z Z vy, L2 L SP part & Modified part ® Z4 %
N0 THRLSED, BWIZHBHELASTO &I
WX LYy 7 €0 IRIMRRAA RN 236 7 9. BIERI%uC
gpc ZRIOKEE, fROXELM = 2N — 1,2N — 2 DIRFIC
&, T &) BRREIRNDAEL 5.

T Z LT 2 %, 1 ROt (€ DA DREE) %K
BB, £, Secd. D NCIZHEIF 2 Step 3D £6F2N
ZREL, 2N ROBIEK fEP2N (&) 2EZ 5. 512 Step
4D ESPM ZAEL, M+ 10D Gauss SHIZE T 3
FEPM (&) DEERAED &, fETM (&) O M A% F
ZRERT 2 (M <2N £92). Zok)IcfH-HilE%
S fOP2N fSPIM 3 L2 v v FASIER P, (¢) TR
LT Tk IZET S,

2N
FEPEN(E) =Y P, (44)
=0
FIPM (€ }:1) ()i + EM[FEP2N 1ia (€). - (45)
o 2N +1 _ GP2N
=20 [ R o

EM[fOP2N IFHRE—F 2N X) MERE—F (M
RUAF) ICRIETZA VTS T#%ETH L (Wil A) |
3 (18) DFFREEER + V) v 7 2 RE L, DU OFFRESERI%
FO©) ERT 3.

FEE) = FE7ME©) + [FO72N (1) = 2N (=1)] gr(6)
+ [FETEN (D) = fIM ()] g (€)

(47)

(_1)M+1

9r(§) = {Prr+1(8) — Pu(§)} (48)

(_1)M+1

9r(§) = gL(=§) =

{Pr1(=§) — Pu(=€)}

22T, grr 3EADEIE Radau BI#TH 2 (Sec. 2.1).

ST DI I T > 2B X b U v 2 TGS XITTilNC b HRIRE
kKprEIONS,
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6.1 M=2N—1DEH
Wl A-1 2 v, EENI[FOPRN] L (6) = 0 2 RAT
2 LT O X5 ICATBR 2

2N—-1

FE€ = Y Pi&)bi+ Pan(&)ban
=0
2N
= Bil©)h: = fPEN ) (50)

ZDXIHIEM =2N — 1 X CTHHEEE L 72BI%L £€(¢) 13,
JLD 2N REABOfE fOP2N L —3§ 2, ZTHUITIREERE
X LUy 00, TARBISCERSNBME LA N v
7 EGPRN Ly B I 5%, SP TR
ZET 5.
6.2 M=2N-20DBH

il A-2 2\, EPNZ2[fEPRN] L (6) = —(2N —
2)Poan—2(E)ban /2N ZUAT % LT D & 5 ICEBHK
%,

2N—-1
£ = Z P;(§)b; + Pon—2(&)ban (51)
=0
22T, UTFoLY vy FALEAOMy Wiz e
%, EpEn RDAT AR (Poya(§)) =0) TH5.

(2n + 3)Pot1(§) = Prya(§) — Pu(§) (52)
PT/L+2(§;I) = P{L(fg) (53)

U X H (51) O—BEIT DMEIZ 2N — 2 RD T A
RIZBW T T X ) IcET 5.

2N—1
FUENT) = > PIEN )b+ Piy_o(&2N ban
=0
2N -1
= > PUENTIbi + Pon (€Y7 ban
=0

_ Z PZ/(ngiz)bz _ f/GP;QN(é-;NfQ)
(54)

Thbb, M =2N —2 X CHMEEL B fC(¢) 13,
ON — 2 RDH 7 AT E TP D60 2N KEI%K
D—EMGY fOPEN 3T %, U
NDHHEER N v 7 £C DRITEMIIED, Tom 872N
LEDKF AT E T 2 FITRIGL, SPICBWT—
MREZ RN T2HD90 5

7. &

3 RICIEBTIR O Ff A& T CEIRAE ERER FR 5%
v 285810~ 2 R T 2 BRER X R Y v 7 DRl
HiEzFMIOR L, BEERIRE 2T %2, A clRon
TAERE T THh 5,

10
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1. FEREEE L 7ol s — i Ot (IREORAFHI 2 i J2 )
T 251218, SP XU Modified part (& (19)) 25%
nZNFLhtudtochrRe Rz, £, 7
FREEIZ S VERTA Y v 7 OfE I
EELHEPTITTHEHZRL T,

2. fEEDPSLHVBEN TS NC GEEFEX LY v 7)
1%, FRORBHTIREAE DRED 2 {581 LDz D
AR T 22 R L, ZHUTRL, TE
DRBT— R 2R T 5 SCHGP Gl
RA VY 7)) OWEGEZFMCHBLZ, 28,
SCHGP (& X F V) v 7 DREL L fRDRE DI —3K
T E)IHEEIND, T, BORBDIARBIE
DREE D bEORIC R ZRFET 2 b DD, X
by 7 DREDSFEIRBIB D REL, 1272 6 72> SC
ONFVERFEIX B ) w 7)) %I 2 FiE b L 7%,

3. SCHGP &\ % LR DO RET—IRI & Bifinhs
REfS 2 HzR L. —J), MR 508
ANy 7 DREDEDORE L D bIR5E (SC %
L 728%6) , BRI 2D, Bl
FEDKEIEDS X+ V) v 7 DRETIRE 2F2R LT

4. NC OEIERIBIC Radan ZIHEHAZ T3 &, D
REDSTHRBAELD 2 AT M2 RET 5 H
ZEAEICRN L 72, 24U, EIER%IC Radau ZIH
Az 7 NC DI 2 WY v 7 (BIREEE DX
B 2 fFoXkEz o) 1c—3 L, SP & Modified
part BHBH LA> THEERIGAHICAEL 2HE2R
L 7.

SHBIINFRMEEARIA Y v 7 LRGERLFR % v C,
BBV T L CRIIEEOWARER 21T 2 2 Fikx §2
ZLTWERL,

EE

AWFZEIZ TSPS BHIFFE: 258793 DB %252\ F 7. 2 ZI
AL CHEEERT S,

HE A FRZERORBOEWVCHESTAIVPZIVY
RE

flH DL, 1 2HEIBCHHT 2. KA ¥ — L TIEM
ZIHA 7z O CHlif 21T 9 2%, 52 547 N+ 1 O
flip o ME N5 N REERIHETEIC X 6 3 —&IiC
EE D, DT CIEEREIZ S TRHELRREDT 7 A HT
ERIND (KFHTIESPIHY) . fN(2) %2 2 e[-1,1]
DNRBEBETDE, 2N ={a), 2V, . 2V} (N+1
> N XA A5 2B 2 HEfED» SR I NS N
RO IR TV [V (2) THEH ISR 3.

N N
() =TV @) =D ol @) N (@) =) Pia)bi,
1=0 =0

(55)

ZIT, ¢N(@) 2, BT B NRDF 7T Y 2B,
Pi(z) £ b 13i RE—FDOLY v ¥ FLLHER LFRET
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BB, b 1l NROFIABIZE TS N OtEE L P,
MPOEES, UTTRALS Y v FALERZHAWT, fii
RIRELDE N ICHE ) M EBNICHED 5.
A-1: N — 1 RTOHEME
NEDO N —1RFTD A MICE T 2HEfE?»S N — 1
RDOLANX IV N (x) ZWEES 5 L, LT k) IcHE
F5.
N—-1
NN () = ) Pi(a) (56)
1=0
N-1RXRIFITRAEIZNRKRDOLY ¥ v FAVLHERDZELT
b5k, IN7HfN](2) 1T N RE— F@%ﬁ%i)\%mx
fN(x) & IV V] (2) OBIRIEBITF O X 9 1cHT 5.
V() = IV [fN](z) + Py (z)by (57)
A-2: N -2 RTOHMAE
N—1{HD N =277 2512 2?5 N —2
RDOEHEA IV 2[fN](2) ZHEEET B &, DT X HIHE
75,

N-—-2

N2 fN Z Pz b + EN- 2[fN]a1ias(x)a (58)
1=0

EV (N () = =S Py, (59)

ENZ2[fN] pas(7) &2, N —2XDATDE— FCRBHRK
BZVERE—F (NR) DN - 2K FDOE— &GS
THRIAV TV B EERT S, BRIV A%
ez vy ey FALEHAOMEICED, K (59) D
EHlcz AV Ty v rERRBICEBkS, 24V T
OV TEEDERT 5T — FORBUIIEL Wil (7%
RBCCHIMLHRZ M- GG 0RE) »ostns. K
(59) DHBEITIE N — 2 RDE— FORED, by_o —
by_o — (N —1)/N LRI NZHEIYH S, N -2K
DAL E IV 2[fN](2) ZHW S &, fN(2) IZBLTD
JIHEI NS,

FV(@) = V2N (@) = BV atias (@)

—I—PN_1(J?)bN_1 —|—PN($)bN (60)

nE, EROXBOHHLHEHAZH Bz L) 7
vV TREDEmRIIATRO E B D 5445 DTEIKT 573,
St DTN L 72\,
8 B : A ZaCHAZERNORBDEWICHESIER
g
Jo L FRRIC, N KBS fN(2) 2 EZ D, LTD22o0
L HA %2 E 2 5.

M0, fN] (=),
MY ().

df*(x) =1
df*(x) =

11
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R (61) TI&, N REBDEE 2007217\ M XATD A
SUCHERLE 0, fN Z21FTC, M R CHiEIZIEA % B
2. —J, X (62) TIE M X7 AL CHERME N %243
T, M RTHIIZIHEHAZREE L, M KRB w0y
2179, FEIZENET 205, M < N o8&121dR (61)
& N —1X% M XTHIFEL T M X, X (62) 1F N k%
MR THII LM LT M —1RE% D RERICEIED
2%, df*(z) #df*(z) ThH 5B, —H, M >N OHBHIC
(& dfe(x) = df(z) DIROLL, oy LHIIETHRTH %,
8 C 1 WIMRERX MY v 7 L EEREL

DUF Tl N, M 3HHZEAOR B %2 £, PR
XYy 7 O HAZUTO L) IcE#ET S (R

(33),(35) 12HHY) .
€ = 0N [Ta] — 0,1V [Tp] (63)
= 9 IN [Tp] — 0. 1™ [T¢) (64)
(Y = 0, [To) — 01 T4 (65)
fRDOREDY M DR, TR (15) OALIZPITN D X
JICERE I NS,
O TMEN] + 0, T[] + 0 TM Y] (66)
= O IM[O I [Ta]] — BTN [D TN [Ta]]
+ 0y IM [0 IV [TB]) — 0 I [0, TN (T3]
+ 0 M (0, IN[TC)] — 0,IM [0 IV ([Tc)]  (67)

K (67) DFATHI0 & zdud, HRRAARNZIE X5,
REL T ZHETTEUTDL ) Ik 3,

eI [3ch [Tall =

Z dg” (

l,m,n=0

O IM [0 I [T )] (68)

()6m (Men' (€)

N

> N (&)Y () ddR (Gn)Tasi jin

LLk:O

Z¢>

l,m,n=0

N

Z déf’fv (fl)ﬁbj\] (nm)éka (Cn)Tasi5,k

,5,k=0

(mdey’ (C)

(69)

fl TA?]k}]
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M N
= > > Em oy ()
m=0 j=0
[zzm O (G
n=0 k=0

(ii-b)

{35

1=0 i=0

d¢N gl TA 1,7, k}] (70)

(i-b)

K (70) H30 & 72 5441213, (i-a) = (i-b) 2> (ii-a) = (ii-b)
>+M<@F“c&)z> %@ BTHALALIITM>NTH
T E ARSI E 72D, (i-a) = (i-b) 22D (ii-a) =
(11—b) DIESET B, Wi, M < N 755613 (i-a) # (i-b) »»
2 (ii-a) # (ii-b) TH 2K, X (70) 130 &moAw, ¥
bbb, I (63) DETEHEPNENIFRFIEX LY v 73
AR 2R T 201 M > N ORTH 5.
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